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ABSTRACT 
T h i s  t h e s i s  c o n s i d e r s  t h e  l o n g  d i s t a n c e  m o t i o n  o f  waves  i n  a  
r a n d o m  medium. U s i n g  t n e  g e o m e t r i c a l  o p t i c s  a p p r o x i m a t i o n  a n d  a  
s t o c h a s t i c  l i m i t  t h e o r e m ,  we f i n d  e v o l u t i o n  e q u a t i o n s  f o r  r a y s  
a n d  f o r  e n e r g y  c o r r e l a t i o n s ,  i n  t w o  a n d  t h r e e  d i m e n s i o n s .  
Our  e q u a t i o n s  a r e  v a l i d  on a  l o n g  d i s t a n c e  s c a l e ,  w e l l  a f t e r  
t h e  f o c u s i n g  o f  r a y s  has  become s i g n i f i c a n t .  We c o n s t r u c t  
a s y m p t o t i c  e x p a n s i o n s  o f  t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  
f u n c t i o n  i n  t w o  a n d  t h r e e  d i m e n s i o n s .  
I n  t w o  d i m e n s i o n s  we n u m e r i c a l l y  s o l v e  t h e  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n  t h a t  d e t e r m i n e s  t h e  t w o  p o i n t  e n e r g y  
c o r r e l a t i o n  f u n c t i o n .  We a l s o  p e r f o r m  M o n t e - C a r l o  s i m u l a t i o n s  t o  
c a l c u l a t e  t h e  same q u a n t i t y .  T h e r e  i s  good  a g r e e m e n t  b e t w e e n  t h e  
t w o  s o l u t i o n s .  
We p r e s e n t  t h e  s o l u t i o n  f o r  t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  
f u n c t i o n  o b t a i n e d  by r e g u l a r  p e r t u r b a t i o n  t e c h n i q u e s .  T h i s  
s o l u t i o n  a g r e e s  w i t h  o u r  s o l u t i o n  u n t i  1  f o c u s i n g  becomes 
s i g n i f i c a n t .  Then  o u r  s o l u t i o n  i s  v a l i d  ( a s  shown by t h e  M o n t e -  
C a r l o  s i m u l a t i o n s ) ,  w h i l e  t h e  r e g u l a r  p e r t u r b a t i o n  s o l u t i o n  
becomes i n v a l i d .  
A l s o  p r e s e n t e d  a r e  t h e  e q u a t i o n s  t h a t  d e s c r i b e  e n e r g y  
c o r r e l a t i o n s  a f t e r  a  wave has  gone t h r o u g h  a  w e a k l y  s t o c h a s t i c  
p l a n e  l a y e r e d  medium. 
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1.1 Rays  i n  Random M e d i a  
I n  t h e  t h e s i s  we d e a l  w i t h  t h e  p r o b l e m  o f  wave p r o p a g a t i o n  
t h r o u g h  a  random medium. E x a m p l e s  o f  wave p r o p a g a t i o n  t h r o u g h  
r a n d o m  m e d i a  a r e  g i v e n  by :  m i c r o w a v e  a n d  o p t i c a l  p r o p a g a t i o n  i n  
a t m o s p h e r i c  t u r b u l e n c e ,  a c o u s t i c  wave p r o p a g a t i o n  t h r o u g h  a  
b i o l o g i c a l  medium, a n d  s t r e s s  waves  t h r o u g h  t h e  e a r t h ' s  c r u s t .  
When a  wave i s  i m p i n g e n t  upon  a  med ium i n  w h i c h  t h e  l o c a l  
wave s p e e d  v a r i e s  r a n d o m l y ,  t h e  a m p l i t u d e  a n d  p h a s e  o f  t h e  wave 
e x p e r i e n c e  random f l u c t u a t i o n s .  F o r  e x a m p l e ,  i n  t r a n s m i t t i n g  an  
o p t i c a l  beam t h r o u g h  t h e  a t m o s p h e r e ,  t h e  random f l u c t u a t i o n s  o f  
t h e  r e f r a c t i v e  i n d e x  c a u s e  a  s p r e a d i n g  o f  t h e  beam, a  d e c r e a s e  i n  
t h e  t e m p o r a l  a n d  s p a t i a l  c o h e r e n c e ,  a  beam w a n d e r i n g ,  a n d  
s c i n t i  1  l a t i o n s  o f  t h e  r e c e i v e d  i n t e n s i t y .  
The  m o t i o n  o f  waves  i n  a  w e a k l y  i n h o m o g e n e o u s  med ium h a s  
been e x t e n s i v e l y  s t u d i e d  ( s e e ,  f o r  e x a m p l e ,  I s h i m a r u  ( I ) ,  K e l l e r  
( 2 ) ,  C h e r n o v  ( 3 ) ,  U s c i n s k i  ( 4 ) ,  T a t a r s k i  ( 5 ) ) .  Up u n t i l  r e c e n t l y  
o n l y  r e g u l a r  p e r t u r b a t i o n  m e t h o d s  h a v e  been e m p l o y e d  t o  p r e d i c t  
t h e  m o t i o n  a n d  p r o p e r t i e s  o f  t h e s e  waves. The s o l u t i o n s  t h a t  a r e  
o b t a i n e d  c a n  n o t  be v a l i d  f o r  l o n g  d i s t a n c e s ,  b e c a u s e  an  
e s s e n t i a l  a s s u m p t i o n  i n  u s i n g  a  r e g u l a r  p e r t u r b a t i o n  e x p a n s i o n  i s  
t h a t  l a r g e  f l u c t u a t i o n s  h a v e  n o t  o c c u r r e d .  Even  b e f o r e  t h e  
f l u c t u a t i o n s  become v e r y  l a r g e ,  we e x p e c t  a  r e g u l a r  p e r t u r b a t i o n  
s e r i e s  t o  l o s e  i t s  v a l i d i t y .  
C h e r n o v  ( 3 )  assumed t h a t  t h e  p o s i t i o n  o f  a s i n g l e  r a y  was a 
M a r k o v  p r o c e s s ,  a n d  o b t a i n e d  t h e  p o s i t i o n  o f  a  r a y  a f t e r  i t  h a d  
t r a v e l l e d  a  l o n g  d i s t a n c e .  
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1.2 P r e v i o u s  R e s u l t s  U s i n g  A S t o c h a s t i c  L i m i t  T h e o r e m  
Suppose  a  wave e n t e r s  a  med ium w i t h  a  random wave 
v e l o c i t y .  We assume t h e  wave v e l o c i t y  i s  n e a r l y  d e t e r m i n i s t i c ,  
t h e  random c o m p o n e n t  b e i n g  homogeneous ,  i s o t r o p i c  a n d  s m a l l .  I f  
t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  v e l o c i t y  v a r i a t i o n s  i s  o  (u<<l), 
t h e n  a  t y p i c a l  v e l o c i t y  i n h o m o g e n e i t y  w i l l  p r o d u c e  a  s m a l l  
d e f l e c t i o n .  
If t h e  wave l e n g t h  o f  t h e  wave i s  much s m a l l e r  t h a n  t h e  
c h a r a c t e r i s t i c  s i z e  o f  t h e  v e l o c i t y  i n h o m o g e n e i t i e s ,  t h e n  t h e  
a p p r o x i m a t i o n  o f  g e o m e t r i c  o p t i c s  c a n  be used .  G e o m e t r i c a l  
o p t i c s  h a s  been  u s e d  p r e v i o u s l y ,  t o g e t h e r  w i t h  l i n e a r i z a t i o n  o f  
t h e  e q u a t i o n s  o f  m o t i o n  ( f o r  s m a l l  a ) ,  t o  f i n d  f l u c t u a t i o n s  i n  
r a y  d i r e c t i o n ,  p h a s e  a n d  wave i n t e n s i t y .  It i s  known t h a t  t h e s e  
r e s u l t s  a r e  n o t  v a l i d  f o r  l o n g  d i s t a n c e s .  
R e c e n t l y ,  K u l k a r n y  a n d  W h i t e  ( 6 )  h a v e  u s e d  a s t o c h a s t i c  
l i m i t  t h e o r e m ,  i n  t w o  d i m e n s i o n s ,  t o  d e t e r m i n e  t h e  l o n g  d i s t a n c e  
m o t i o n  a n d  p r o p e r t i e s  o f  h i g h  f r e q u e n c y  waves i n  a  r a n d o m  
med ium.  They do t h i s  by c o n s i d e r i n g  t h e  r a y s  as  c o n t i n u o u s  
M a r k o v  p r o c e s s e s .  They  h a v e  d e t e r m i n e d  t h a t  l a r g e  f l u c t u a t i o n s  
o c c u r  on a  d i s t a n c e  s c a l e  o f  o - 2 / 3 .  The t e c h n i q u e  t h e y  u s e d  d o e s  
n o t  r e q u i r e  t h e  l i n e a r i z a t i o n  o f  any  q u a n t i t i e s ,  a n d  i t  a l l o w s  
f o c u s i n g  o f  r a y t u b e s  t o  o c c u r  ( s u c h  f o c u s i n g  p o i n t s  a r e  c a l l e d  
c a u s t i c s ) .  
L e t  p ( ~ )  be t h e  p r o b a b i l i t y  d e n s i t y  t h a t  a  r a y  t r a v e l s  a 
d i s t a n c e  T b e f o r e  i t  f o c u s e s  f o r  t h e  f i r s t  t i m e .  K u l k a r n y  a n d  
- 3  - 
W h i t e  showed t h a t  i f  T i s  m e a s u r e d  i n  " u n i v e r s a l  t i m e "  t h e n ,  f o r  
a l l  s u f f i c i e n t l y  d i f f e r e n t i a b l e  and  m i x i n g  random m e d i a ,  t h e r e  i s  
a  u n i v e r s a l  r e p r e s e n t a t i o n  f o r  p ( r ) .  
A m a j o r  r e s u l t  o f  ( 6 )  i s  t h e  a p p r o x i m a t i o n  o f  g i v e n  b y :  
w h e r e  a = K ( 1 / 2 ) = 1 . 8 5 4 + .  A g r a p h  o f  p ( ~ )  i s  g i v e n  i n  F i g u r e  1.1. 
The o n l y  way t h e  a c t u a l  med ium u n d e r  c o n s i d e r a t i o n  c h a n g e s  
t h e  s t a t i s t i c a l  l o c a t i o n  o f  t h e  c a u s t i c s ,  i s  by t h e  s c a l i n g  t o  
" u n i v e r s a l  t i m e " .  T h i s  s c a l i n g  i s  g i v e n  by 
w h e r e  s  i s  t h e  p h y s i c a l  d i s t a n c e  a  r a y  t r a v e l s  a n d  B ( r )  i s  t h e  
c o v a r i a n c e  f u n c t i o n  f o r  t h e  random v e l o c i t y  f i e l d .  F rom (1 .2 .2 )  
a n d  (1 .2.3)  we see  t h a t  i f  a i s  made s m a l l e r ,  a  r a y  m u s t  go 
f u r t h e r  t o  h a v e  t h e  same p r o b a b i l i t y  o f  f o c u s i n g .  
O t h e r  r e s u l t s  f o r  t h e  e v o l u t i o n  o f  a  s i n g l e  r a y  a n d  i t s  
a s s o c i a t e d  r a y t u b e  a r e a ,  as w e l l  as  t h e  t r a n s f o r m a t i o n  t o  
p h y s i c a l  c o o r d i n a t e s ,  a r e  g i v e n  i n  K u l k a r n y  a n d  W h i t e  ( 6 ) .  
W h i t e  ( 7 )  has  e x t e n d e d  t h e  a b o v e  r e s u l t s  t o  a  t h r e e  
d i m e n s i o n a l  r a n d o m  medium. Once a g a i n  t h e r e  i s  a  " u n i v e r s a l  
f o c u s i n g  c u r v e " .  The s c a l i n g  t o  t h i s  u n i v e r s a l  t i m e  a l s o  d e p e n d s  
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on a  s i n g l e  c o n s t a n t ,  d e r i v a b l e  f r o m  t h e  random f i e l d .  
1.3 R e s u l t s  I n  T h e s i s  
T h i s  t h e s i s  c o n t i n u e s  t h e  i n v e s t i g a t i o n  o f  t h e  m o t i o n  a n d  
p r o p e r t i e s  o f  waves  on t h e  u-2/3 s c a l e .  We do t h i s  p r i m a r i l y  by 
t h e  c o n s t r u c t i o n  o f  i n f i n i t e s i m a l  g e n e r a t o r s  t h a t  d e s c r i b e  t h e  
e v o l u t i o n  o f  p h y s i c a l  q u a n t i t i e s .  We c o n s i d e r  t h e  s y s t e m  o f  
e q u a t i o n s  t h a t  d e s c r i b e  t h e  e v o l u t i o n  o f  e n e r g y  c o r r e l a t i o n s  i n  
d e t a i  1. 
The s a l i e n t  f e a t u r e s  o f  t h e  a s s u m p t i o n s  i n  o u r  w o r k  a r e  
t h a t :  
1) The random med ium t h a t  t h e  wave e n t e r s  i s  o n l y  w e a k l y  
s t o c h a s t i c ,  a n d  t h e  r a n d o m n e s s  i s  homogeneous a n d  i s o t r o p i c .  
2) When t h e  wave e n t e r s  t h e  random medium, t h e  w a v e f r o n t  i s  
n e a r l y  f l a t  ( t h e  d e v i a t i o n  f r o m  a  p l a n a r  w a v e f r o n t  may o n l y  be o f  
o r d e r  u 2/3). 
3) We s t u d y  t h e  h i g h  f r e q u e n c y  phenomena t h a t  o c c u r ,  t h a t  i s  we 
u s e  t h e  g e o m e t r i c a l  o p t i c s  a p p r o x i m a t i o n .  T h e r e f o r e ,  we c a n  
c o n s i d e r  t h e  w a v e f r o n t  as a d v a n c i n g  by t h e  m o t i o n  o f  r a y s .  
Our  t e c h n i q u e  i s  an " h o n e s t "  t e c h n i q u e  i n  t h e  s e n s e  o f  
K e l l e r  (2). In an " h o n e s t "  t e c h n i q u e ,  no  a s s u m p t i o n s  a r e  made 
t h a t  c o u l d  be d e r i v e d  f r o m  p r e v i o u s  a s s u m p t i o n s .  
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The t w o  m a j o r  a p p r o x i m a t i o n s  i n  o u r  wo rk  a r e  due  t o  t h e  h i g h  
f r e q u e n c y  o f  t h e  wave a n d  t h e  s m a l l n e s s  o f  t h e  d e p a r t u r e  f r o m  a  
d e t e r m i n i s t i c  v e l o c i t y  f i e l d .  The s t o c h a s t i c i t y  o f  t h e  med ium 
o n l y  e n t e r s  when a p p l y i n g  t h e  P a p a n i c o l a o u  a n d  K o h l e r  t h e o r e m .  
I n  c h a p t e r  one, we d e r i v e  t h e  e q u a t i o n s  o f  m o t i o n  f o r  r a y s  
a n d  t h e i r  a s s o c i a t e d  r a y t u b e s  i n  a  random med ium u s i n g  t h e  
g e o m e t r i c a l  o p t i c s  a p p r o x i m a t i o n s .  Then we assume t h e  med ium i s  
o n l y  w e a k l y  s t o c h a s t i c  a n d  s c a l e  t h e  e q u a t i o n s  o f  m o t i o n  t o  be on 
t h e  a' * I3  s c a l e .  
C h a p t e r  t w o  i s  c o n c e r n e d  w i t h  t h e  P a p a n i c o l a o u  a n d  K o h l e r  
t h e o r e m .  We d e s c r i b e  t h e  t h e o r e m ,  a n d  t h e n  s i m p l i f y  i t s  
r e q u i r e m e n t s  by r e s t r i c t i n g  i t s  a p p l i c a b i l i t y  t o  d y n a m i c a l  
s y s t e m s .  
A U s i n g  t h e  t h e o r e m  we t h e n  f i n d  f N ,  t h e  g e n e r a t o r  t h a t  
d e s c r i b e s  t h e  e v o l u t i o n  o f  N  r a y s  a n d  t h e i r  a s s o c i a t e d  r a y t u b e s  
i n  t w o  d i m e n s i o n s .  We a l s o  f i n d  f N ,  t h e  g e n e r a t o r  t h a t  d e s c r i b e s  
t h e  e v o l u t i o n  o f  N  r a y s  i n  t w o  d i m e n s i o n s .  
To o b t a i n  t h e s e  r e s u l t s  we show t h a t ,  on t h e  a -'I3 s c a l e ,  
t h e  v e r t i c a l  d e v i a t i o n  o f  r a y  p o s i t i o n s  i s  O ( 1 )  w h i l e  h o r i z o n t a l  
d e v i a t i o n  o f  r a y  p o s i t i o n s  i s  O ( a  ' I 3 ) .  T h i s  s u g g e s t s  u s i n g  t h e  
v a r i a t i o n  i n  v e r t i c a l  r a y  p o s i t i o n  w i t h  r e s p e c t  t o  t h e  i n i t i a l  
c o n d i t i o n s  as a  d e f i n i t i o n  o f  r a y t u b e  a r e a .  
We c a n n o t ,  h o w e v e r ,  assume a  p r i o r i  t h a t  t h e  v a r i a t i o n  i n  a  
h o r i z o n t a l  r a y s  p o s i t i o n ,  w i t h  r e s p e c t  t o  t h e  i n i t i a l  c o n d i t i o n s ,  
A i s  s m a l l .  We h a v e  shown, t h o u g h ,  t h a t  fN i s  d e r i v a b l e  f r o m  fpN 
a n d  t h e  a s s u m p t i o n  t h a t  t h e  r a y t u b e  a r e a  i s  a p p r o x i m a t e d  by  t h e  
v a r i a t i o n  o f  t h e  v e r t i c a l  r a y  p o s i t i o n s  ( s e e  s e c t i o n  2.6).  T h i s  
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l e a d s  u s  t o  b e l i e v e  t h a t  we c a n  u s e  v a r i a t i o n s  i n  v e r t i c a l  r a y  
p o s i t i o n  as a  d e f i n i t i o n  o f  r a y t u b e  a r e a ,  i n  c a l c u l a t i o n s  
p e r f o r m e d  on t h e  a' ? I 3  s c a l e .  
I n  c h a p t e r  t h r e e  we s t u d y  t h e  g ( z )  f u n c t i o n  u s e d  
A i n  f N  a n d  fZN. T h i s  f u n c t i o n ,  w h i c h  depends  on t h e  random 
med ium,  i s  t h e  o n l y  way d i f f e r e n t  r andom m e d i a  c h a n g e  t h e  
e v o l u t i o n  o f  r a y s  ( a n a l o g o u s  t o  t h e  y 2  c o n s t a n t  i n  ( 1 . 2 . 2 ) ) .  
C h a p t e r  f o u r  b e g i n s  by r e l a t i n g  e x p e c t a t i o n s  i n  p h y s i c a l  
s p a c e  t o  e x p e c t a t i o n s  t a k e n  r a y w i s e .  On t h e  u - 2 / 3  s c a l e  t h e  
waves  i n  a  r a n d o m  med ium h a v e  become v e r y  w r i n k l e d  a n d  h a v e  
d e v e l o p e d  l o o p s  i n  t h e i r  w a v e f r o n t s .  Howeve r ,  t h e  w i d t h  o f  t h e s e  
l o o p s  i s  s m a l l .  B e c a u s e  o f  t h e  l o o p e d  s t r u c t u r e  o f  t h e  
w a v e f r o n t ,  a  f i x e d  p h y s i c a l  r e c o r d i n g  d e v i c e  s e e s  d i f f e r e n t  
p i e c e s  o f  t h e  w a v e f r o n t  a t  d i f f e r e n t  i n s t a n c e s  o f  t i m e .  T h i s  was 
o b s e r v e d  e x p e r i m e n t a l  l y  by H e s s e l i n k  ( 9 ) .  
The s i m p l e  t r a n s f o r m a t i o n  t h a t  r e l a t e s  s t a t i s t i c s  i n  
p h y s i c a l  s p a c e  t o  s t a t i s t i c s  t a k e n  r a y - w i s e  was u s e d  i n  ( 6 )  f o r  
t h e  m o t i o n  o f  a  s i n g l e  r a y .  We g e n e r a l i z e  t h i s  t r a n s f o r m a t i o n  t o  
a c c o u n t  f o r  N r a y s .  
Then  we f i n d  t h e  s y s t e m  o f  e q u a t i o n s  t h a t  d e s c r i b e s  t h e  N 
p o i n t  e n e r g y  c o r r e l a t i o n  f u n c t i o n  ( s e e  ( 4 . 3 . 8 ) ) .  When we r e f e r  
t o  e n e r g y  i n  p h y s i c a l  s p a c e ,  we s h a l l  mean t h e  t o t a l  wave e n e r g y  
p a s s i n g  t h r o u g h  a  p o i n t  i n  p h y s i c a l  space .  
When t h e  w a v e f r o n t  h a s  d e v e l o p e d  l o o p s ,  t h e  t o t a l  e n e r g y  i s  
t h e  sum o f  t h e  e n e r g y  f r o m  e a c h  o f  t h e  p i e c e s  o f  t h e  w a v e f r o n t  
t h a t  p a s s e s  t h r o u g h  t h e  p h y s i c a l  p o i n t  (we assume t h a t  t h e  e n e r g y  
a d d s  i n c o h e r e n t l y ) .  T h i s  i s  t h e  e n e r g y  t h a t  a  p h y s i c a l  d e v i c e  
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w o u l d  r e c o r d .  
To  f i n d  t h e  e n e r g y  c o r r e l a t i o n  s y s t e m ,  we h a d  t o  assume t h a t  
r a y t u b e  a r e a  i s  w e l l  a p p r o x i m a t e d  by t h e  v a r i a t i o n  o f  v e r t i c a l  
r a y  p o s i t i o n s .  I t  i s  f o r  t h i s  d e r i v a t i o n  t h a t  we b e l a b o r e d  t h e  
d i s c u s s i o n  o f  r a y t u b e  a r e a s  i n  c h a p t e r  t w o .  
Now we s p e c i a l i z e  t o  t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  
f u n c t i o n  ( w i t h  a  p l a n e  i n i t i a l  w a v e f r o n t ) .  I f  R 2 ( t  ,M) r e p r e s e n t s  
t h i s  c o r r e l a t i o n  f u n c t i o n  f o r  t w o  o b s e r v i n g  p o i n t s  s e p a r a t e d  by a  
d i s t a n c e  M, a t  an u p s t r e a m  d i s t a n c e  o f  t o  -* I3 t h e n  we f i n d  ( s e e  
( 4 . 4 . 2 0 ) ) :  
L a s t l y ,  we f i n d  a  s h o r t  d i s t a n c e  a p p r o x i m a t i o n  t o  R 2 ( t , M )  
( u s i n g  t w o  d i f f e r e n t  m e t h o d s )  a n d  show t h a t  R ~ ( ~ , M )  h a s  a 
l o g a r i t h m i c  s i n g u l a r i t y  i n  M as M + O .  A s h o r t  d i s t a n c e ,  on o u r  
l o n g  d i s t a n c e  s c a l e ,  now means t h a t  l a r g e  a m p l i t u d e  f l u c t u a t i o n s  
h a v e  n o t  y e t  o c c u r r e d .  T h i s  means we a r e  i n  t h e  r e g i m e  w h e r e  t h e  
V(T) c u r v e  i s  n e a r l y  f l a t  ( s e e  F i g u r e  1.1). 
C h a p t e r  f i v e  d e r i v e s  a  s y s t e m  o f  e q u a t i o n s  t h a t  d e t e r m i n e s  
t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  f u n c t i o n  a f t e r  a  wave h a s  
t r a v e l l e d  t h r o u g h  N p l a n e  l a y e r e d  m e d i a .  F o r  a  p l a n e  i n i t i a l  
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w a v e f r o n t  t h e  r e s u l t i n g  e q u a t i o n s  a r e  q u i t e  s i m p l e  ( s e e  ( 5 . 3 . 8 ) ) .  
We u s e  t h e s e  r e s u l t s  t o  d e t e r m i n e  t h e  e q u a t i o n s  f o r  t h e  t w o  
d i m e n s i o n a l  a n a l o g u e  o f  t h e  s h a d o w g r a p h  p r o b l e m  ( s e e  T a y l o r  
( 1 0 ) ) .  We s o l v e  t h e s e  e q u a t i o n s  f o r  a  " t h i n "  s t o c h a s t i c  medium, 
a n d  a r e  t h e n  a b l e  t o  e x p l a i n  t h e  e x p e r i m e n t a l  r e s u l t s  o f  
H e s s e l i n k  a n d  W h i t e  ( 1 1 ) .  
C h a p t e r  s i x  f i n d s  t h e  g e n e r a t o r  3 fN  w h i c h  d e s c r i b e s  t h e  
e v o l u t i o n  o f  N r a y s  i n  t h r e e  d i m e n s i o n s .  I n  a  manne r  e x a c t l y  
a n a l o g o u s  t o  c h a p t e r  f o u r  we r e l a t e  e x p e c t a t i o n s  i n  s p a c e  t o  
e x p e c t a t i o n s  t a k e n  r a y w i s e  a n d  f i n d  a  s y s t e m  t h a t  d e s c r i b e s  t h e  N 
p o i n t  e n e r g y  c o r r e l a t i o n  f u n c t i o n  i n  t h r e e  d i m e n s i o n s .  
L e t  3 R 2 ( t  , r )  be t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  f u n c t i o n  
when t h e  t w o  o b s e r v i n g  p o i n t s  a r e  a t  an u p s t r e a m  d i s t a n c e  o f  
a n d  h a v e  a  s e p a r a t i o n  o f  r. F rom (6 .3 .19 )  we h a v e :  
w h e r e  G ( r )  i s  a  f u n c t i o n  o b t a i n a b l e  f r o m  t h e  random med ium 
( a n a l o g o u s  t o  g ( M )  i n  ( 1 . 3 . 1 ) ) .  
F i n a l l y  we f i n d  a  s h o r t  d i s t a n c e  a p p r o x i m a t i o n  t o  3 R 2 ( t , r )  
( n o t  u s i n g  (1 .3 .2 ) ,  t h o u g h ) ;  a n d  t h e n  d i s c u s s  t h e  G ( r )  f u n c t i o n  
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( s e c t i o n  6 . 5 ) .  
I n  c h a p t e r  s e v e n  we s o l v e  t h e  s y s t e m  ( 1 . 3 . 1 )  n u m e r i c a l l y .  
We d e t e r m i n e  f r o m  t h i s  c a l c u l a t i o n  t h a t  t h e  r e g u l a r  p e r t u r b a t i o n  
r e s u l t s  f o r  R 2 ( t , M )  become i n v a l i d  a t  t h e  " o n s e t  o f  f o c u s i n g "  
( w h e r e  p ( ~ )  becomes s i g n i f i c a n t l y  d i f f e r e n t  f r o m  z e r o ,  a t  a b o u t  
7=.6 on F i g u r e  1 .1 ) .  
I n  c h a p t e r  e i g h t  we d e s c r i b e  t h e  M o n t e - C a r l o  c a l c u l a t i o n s  we 
p e r f o r m e d  t o  f i n d  R 2 ( t , M ) .  We f o u n d  good  a g r e e m e n t  b e t w e e n  t h e  
s i m u l a t i o n  r e s u l t s  a n d  t h e  n u m e r i c a l  s o l u t i o n  t o  ( 1 . 3 . 1 ) ,  f o r  
u n i v e r s a l  t i m e s  up  t o  t = 1 . 4 .  F o r  u n i v e r s a l  t i m e s  a f t e r  t h e  o n s e t  
o f  f o c u s i n g  ( ~ = . 6 )  t h e  s i m u l a t i o n  r e s u l t s  do  n o t  a g r e e  w i t h  t h e  
r e g u l a r  p e r t u r b a t i o n  r e s u l t s .  We c o n c l u d e  t h a t  ( 1 . 3 . 1 )  c o r r e c t l y  
d e s c r i b e s  t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  f u n c t i o n  f o r  f a r  
l o n g e r  d i s t a n c e s  t h a n  t h e  r e g u l a r  p e r t u r b a t i o n  m e t h o d  does .  
The a p p e n d i x  c o n t a i n s  t h e  r e g u l a r  p e r t u r b a t i o n  t e c h n i q u e  
u s e d  t o  f i n d  R 2 ( t , r )  a n d  g R 2 ( t , r ) .  We a l s o  u s e  t h i s  t e c h n i q u e  t o  
s o l v e  t h e  shadow g r a p h  p r o b l e m .  The s o l u t i o n s  we o b t a i n  h e r e  a r e  
t h e  same s o l u t i o n s  t h a t  we o b t a i n e d  by t a k i n g  a  s h o r t  d i s t a n c e  
a p p r o x i m a t i o n  t o  o u r  s y s t e m s  i n  s e c t i o n s  4.5, 4.6, 5 .5  a n d  6.4. 
S i n c e  a  s h o r t  d i s t a n c e  a p p r o x i m a t i o n  t o  o u r  ( l o n g  d i s t a n c e )  
e q u a t i o n s  p r o d u c e s  t h e  same a n s w e r  as  t h e  r e g u l a r  p e r t u r b a t i o n  
t e c h n i q u e ;  o u r  e q u a t i o n s  a r e  t r u l y  an e x t e n s i o n  o f  t h e  
l i n e a r i z a t i o n  t e c h n i q u e .  
F i n a l l y  we d e r i v e  a  b o u n d  on a, w h i c h  l i m i t s  t h e  
a p p l i c a b i  l i t y  o f  t h e  r e g u l a r  p e r t u r b a t i o n  m e t h o d .  F rom ( A . 3 . 4 )  
we r e q u i r e  t h a t  
w h e r e  Z i s  t h e  c o r r e l a t i o n  l e n g t h  o f  t h e  random medium. I f  
(1 .3 .3 )  i s  v i o l a t e d ,  t h e n  t h e  r e g u l a r  p e r t u r b a t i o n  s o l u t i o n  f o r  
R2 ( t ,M)  c a n  n o t  be v a l i d .  
1.4 R e v i e w  O f  I t o  C a l c u l u s  
To  r e a d  t h i s  t h e s i s ,  we r e q u i r e  some f a m i l i a r i t y  w i t h  t h e  
f o r w a r d  K o l m o g o r o v  e q u a t i o n .  We w i l l  o f t e n  u s e  t h e  I t o  e q u a t i o n s  
a s s o c i a t e d  w i t h  a  g i v e n  f o r w a r d  K o l m o g o r o v  e q u a t i o n .  We now g i v e  
a  q u i c k  r e v i e w .  
C o n s i d e r  t h e  v e c t o r  I t o  e q u a t i o n  
w h e r e  - 6 i s  a  v e c t o r  o f  s t a n d a r d  B r o w n i a n  m o t i o n s ,  s o  t h a t  E [ B ~ ] = o  
a n d  d ~ ~ d i 3  -6. . d t .  C o r r e s p o n d i n g  t o  (1 .4 .1)  i s  t h e  i n f i n i t e s i m a l  j I J  
g e n e r a t o r  
w h e r e  a =  I l a 0  . 
- T - -  
- - - 
The f o r w a r d  K o l m o g o r o v  e q u a t i o n  a s s o c i a t e d  w i t h  (1.4.1) i s  
w h e r e  a  s t a r  r e p r e s e n t s  t h e  a d j o i n t  o p e r a t o r .  I f  P ( 0 , X )  - i s  t h e  
i n i t i a l  p r o b a b i l i t y  d e n s i t y  o f  t h e  v a r i a b l e s  { X i  1 ,  t h e n  P ( t , X )  -
w i l l  be t h e  p r o b a b i l i t y  d e n s i t y  o f  t h e  v a r i a b l e s  { X i }  a t  t i m e  
t. I f  t h e  i n t i a l  v a l u e s  o f  - X w e r e  known e x a c t l y  ( s a y  - X ( O ) = Y )  -
t h e n  t h e  i n i t i a l  c o n d i t o n  f o r  (1 .4 .3 )  i s :  
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1.1 E q u a t i o n  O f  M o t i o n  F o r  Rays  
I n  t h i s  s e c t i o n  we o b t a i n  t h e  e q u a t i o n s  o f  m o t i o n  f o r  r a y s  
i n  a  r a n d o m  med ium u s i n g  t h e  g e o m e t r i c a l  o p t i c s  a p p r o x i m a t i o n .  
We s t a r t  w i t h  t h e  wave e q u a t i o n  
w h e r e  C ( X )  - i s  t h e  l o c a l  wave v e l o c i t y .  We r e p r e s e n t  a  s o l u t i o n  
o f  (1 .1 .1 )  as 
A w a v e f r o n t  i s  a  s u r f a c e  o f  c o n s t a n t  p h a s e ,  o r  
@ ( X ) = c o n s t a n t .  - The g e o m e t r i c  o p t i c s  a s s u m p t i o n  i s  t o  t a k e  K 
l a r g e  a n d  assume t h a t  Y h a s  an e x p a n s i o n  o f  t h e  f o r m :  
U s i n g  ( 1 . 1 . 2 ) ,  ( 1 . 1 . 3 )  i n  (1 .1 .1)  a n d  e q u a t i n g  t h e  
c o e f f i c i e n t s  o f  p o w e r s  o f  K y i e l d s :  
We now assume t h a t :  
U s i n g  ( 1 . 1 . 6 ) ,  ( 1 .1 .7 )  i n  ( 1 . 1 . 4 ) ,  ( 1 .1 .5 )  we f i n d  t h e  
e i k o n a l  e q u a t i o n :  
a n d  t h e  t r a n s p o r t  e q u a t i o n :  
we d e f i n e  
a n d  r e w r i t e  (1 .1 .8 )  u s i n g  (1 .1 .10 )  a s  
We s o l v e  (1 .1 .11 )  by t h e  m e t h o d  o f  c h a r a c t e r i s t i c s .  The  
c h a r a c t e r i s t i c  e q u a t i o n s  c o r r e s p o n d i n g  t o  (1 .1 .11)  a r e :  
We d e f i n e  - X ( s , a )  - t o  be t h e  p o s i t i o n  o f  a  r a y  w h i c h ,  a t  s=O, 
s t a r t e d  f r o m  a  p o s i t i o n  - X(0 ,a ) .  - The v a r i a b l e  - a i s  u s e d  t o  
p a r a m e t r i z e  t h e  i n i t a l  w a v e f r o n t .  
We c o n s i d e r  a  c o n t i n u u m  o f  r a y s  l e a v i n g  t h e  i n i t i a l  
w a v e f r o n t .  L a t e r  we w i l l  c o n s i d e r  o n l y  N r a y s ,  a n d  s p e c i f y  11, 
~ , * * . ,  3. 
We assume we a r e  w o r k i n g  i n  a  t h r e e  d i m e n s i o n a l  r e c t a n g u l a r  
c o o r d i n a t e  s y s t e m .  The p r o j e c t i o n  o f  - X ( s , a )  - a l o n g  t h e  t h r e e  
c o o r d i n a t e  a x e s  i s  g i v e n  by 
We a l s o  d e f i n e  
F rom (1 .1 .12 ) ,  (1 .1 .13) ,  ( 1 .1 .14 ) ,  (1 .1 .15)  we f i n d  
From (1 .1 .8 ) ,  ( 1 .1 .10 ) ,  ( 1 .1 .15a )  we h a v e  
So we see  t h a t  s  r e p r e s e n t s  a r c - l e n g t h  a l o n g  a  r a y  a n d  - V ( s , a )  - i s  
t h e  u n i t  t a n g e n t  t o  - X ( s , a ) .  -
From ( 1 . 1 . 1 6 a )  we h a v e  
U s i n g  ( 1 . 1 . 1 5 a ) ,  ( 1 . 1 . 1 6 b ) ,  ( 1 .1 .18 )  we c o m p u t e  
E q u a t i o n s  (1 .1 .16a ) ,  ( 1 .1 .16c ) ,  (1 .1 .19)  a r e  t h e  e q u a t i o n s  o f  
m o t i o n  f o r  t h e  p o s i t i o n ,  v e l o c i t y  a n d  p h a s e  o f  a  r a y  i n  a  r a n d o m  
m e d i  um. 
1.2 R a v t u b e  A r e a  i n  Two D i m e n s i o n s  
H e r e  we o b t a i n  t h e  e q u a t i o n s  o f  m o t i o n  f o r  r a y t u b e  a r e a  i n  
t w o  d i m e n s i o n s .  
I n  t h i s  s e c t i o n  we r e s t r i c t  o u r s e l v e s  t o  a  t w o  d i m e n s i o n a l  
g e o m e t r y .  We d e f i n e  - a = a  t o  be a r c - l e n g t h  a l o n g  t h e  i n i t i a l  
w a v e f r o n t .  We d e f i n e  t h e  u n i t  v e c t o r  p e r p e n d i c u l a r  t o  - V ( s , a ) ,  -
w h e r e  
From ( 1 . 2 . 1 ) ,  ( 1 . 2 . 2 )  we f i n d  
v1 . v1 = 1 
- - 
B e c a u s e  a i s  a r c - l e n g t h  we h a v e  
a 
- X(O,a)  = l L ( o , a )  
aa - 
We d e f i n e  T by: 
U s i n g  (1 .2 .5 )  i n  ( 1 . 1 . 1 6 ~ )  
T h e r e f o r e  a  v a l u e  o f  T s p e c i f i e s  t h e  l o c a t i o n  o f  a  
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w a v e f r o n t .  S i n c e  a i s  a r c - l e n g t h  a l o n g  t h e  w a v e f r o n t ,  a a n d  T 
a r e  i n d e p e n d e n t  v a r i a b l e s .  
We w r i t e  ( 1 .1 .16a ) ,  ( 1 . 1 . 1 9 )  u s i n g  (1 .2 .5)  as  
d  1 
- v = -vC+V(V.vC) = -1 ( l L * v c )  dT - - - 
From ( 1 . 2 . 2 )  a n d  (1 .2 .8 )  we h a v e  
We d i f f e r e n t i a t e  ( 1 . 2 . 7 ) ,  (1 .2 .8 )  w i t h  r e s p e c t  t o  a f o r  
v = - V V C X  + V  ( V . v c ) + ~ [ v * v C ] ~  (1 .2 .11 )  5 -a -a -a - - - 
Now we c o m p u t e  ( u s i n g  (1 .2 .10 ) ,  ( 1 .2 .8 ) ,  ( 1 . 1 . 1 7 ) )  
F rom (1 .2 .3 ) ,  ( 1 .2 .4 )  we h a v e  
X ( O , a ) * l ( O , a )  = 0  4 
The s o l u t i o n  t o  ( 1 .2 .12 )  w i t h  (1 .2 .13)  i s  
1 So we see  t h a t  X_ has  a  componen t  o n l y  i n  t h e  d i r e c t i o n  o f  - V . 
To f i n d  t h i s  componen t  we c o m p u t e  ( u s i n g  ( 1 . 2 . 1 0 ) ,  ( 1 . 2 . 8 ) ,  
( 1 . 1 . 1 7 ) )  
We d e f i n e  
I n  t w o  d i m e n s i o n s ,  t h e  d i s t a n c e  b e t w e e n  t w o  r a y s ,  d i v i d e d  by 
t h e i r  i n i t i a l  s e p a r a t i o n ,  i n  t h e  l i m i t  o f  an i n f i n i t e s i m a l  
i n i t i a l  s e p a r a t i o n ,  i s  d e f i n e d  t o  be t h e  a r e a  o f  t h e  r a y t u b e  
a s s o c i a t e d  w i t h  t h e  b o u n d i n g  r a y s .  Hence,  t h e  a r e a  i s  d e f i n e d  t o  
be l & ( s , a ) l .  F rom (1 .2 .13)  and  (1 .2 .16 )  we h a v e  
a n d  s o  
We t h e r e f o r e  r e c o g n i z e  A ( s , a )  as t h e  s i g n e d  r a y t u b e  a r e a  
c o r r e s p o n d i n g  t o  t h e  r a y  - X ( s , a ) .  When a  f o c u s  o c c u r s ,  a n d  
a d j a c e n t  r a y s  i n t e r s e c t ,  t h e  s i g n  o f  t h e  a r e a  c h a n g e s .  T h i s  i s  
how A ( s , a )  c a n  be n e g a t i v e  as w e l l  as  p o s i t i v e .  T h i s  c o r r e s p o n d s  
t o  t h e  p h a s e  j ump  d e s c r i b e d  by S o m m e r f e l d  ( ( 1 2 ) ,  p a g e  3 1 8 ) .  
We f i n d  f r o m  ( 1 . 2 . 3 ) ,  ( 1 . 2 . 4 ) ,  ( 1 . 2 .16 )  
F rom ( 1 . 2 . 5 ) ,  ( 1 . 2 . 7 )  a n d  (1 .2 .16 )  we h a v e  
A p r o p a g a t i o n  e q u a t i o n  f o r  B ( s , a )  c a n  be f o u n d  by 
d i f f e r e n t i a t i n g  ( 1 . 2 . 1 6 b )  w i t h  r e s p e c t  t o  T and  u s i n g  ( 1 . 2 . 3 ) ,  
( 1 2 . 8 )  ( 1 2 . 9 )  ( 1 . 1 1 7 )  The r e s u l t  i s  
U s i n g  ( 1 . 2 . 5 ) ,  ( 1 . 2 . 1 7 )  i n  ( 1 .2 .21 )  we o b t a i n  
T h i s  i s  t h e  f i n a l  f o r m  o f  t h e  p r o p a g a t i o n  e q u a t i o n  f o r  B. 
We now i n t e r p r e t  B(0,a) as  t h e  i n i t i a l  c u r v a t u r e  o f  t h e  
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w a v e f r o n t .  The f i r s t  o f  t h e  F r e n e t - S e r r e t  f o r m u l a e  i s  
w h e r e  ~ ( a )  i s  t h e  c u r v a t u r e  o f  t h e  i n i t i a l  w a v e f r o n t ,  a t  a  
p o s i t i o n  o f  - X ( 0 , a ) .  C o m p a r i n g  ( 1 . 2 . 1 7 )  ( a t  s=O)  w i t h  ( 1 . 2 . 2 3 )  we 
c o n c l u d e  
B ( 0 , a )  = ~ ( a )  ( 1 .2 .24 )  
So t h e  i n i t i a l  v a l u e  o f  B ( s , a )  i s  j u s t  t h e  c u r v a t u r e  o f  t h e  
i n i t i a l  w a v e f r o n t .  
We h a v e  f o u n d ,  i n  ( 1 . 2 . 2 0 )  a n d  ( 1 . 2 . 2 2 ) ,  t h e  e q u a t i o n s  o f  
m o t i o n  f o r  r a y t u b e  a r e a .  The i n i t i a l  c o n d i t i o n s  f o r  t h e s e  
e q u a t i o n s  a r e  ( 1 . 2 . 1 9 )  a n d  ( 1 . 2 . 2 4 ) .  
1.3 E n e r g y  A s s o c i a t e d  W i t h  a  Ray 
H e r e  we w i l l  f i n d  an  e x p r e s s i o n  f o r  e n e r g y  a l o n g  a  r a y .  
We d e f i n e  t h e  e n e r g y ,  E ( x )  - o f  t h e  wave t o  be t h e  s q u a r e d  
m a g n i t u d e  o f  t h e  f i e l d  i n t e n s i t y .  F rom (1 .1 .1 )  t h e r e f o r e  
To  l e a d i n g  o r d e r  i n  K ( s e e  (1 .1 .2) ,  ( 1 . 1 . 3 ) )  we h a v e  
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I f  we m u l t i p l y  ( 1 1 . 9 )  by  m 0  we f i n d  
Now c o n s i d e r  a  t u b e  o f  r a y s  g o i n g  f r o m  t h e  w a v e f r o n t  a t  T=O 
t o  t h e  w a v e f r o n t  a t  T=T  ( r e c a l l  ( 1 . 2 . 5 ) ) .  We d e f i n e  t h e  
i n t e r s e c t i o n  o f  t h e  r a y t u b e  w i t h  t h e  w a v e f r o n t  a t  T=O ( T = T )  t o  be 
So ( S T ) .  The s i d e s  o f  t h e  r a y t u b e  a r e  d e f i n e d  t o  be 1. 
From ( 1 . 2 . 6 ) ,  + = c o n s t a n t  i s  t h e  e q u a t i o n  o f  a  w a v e f r o n t ,  s o  
V +  i s  n o r m a l  t o  t h e  w a v e f r o n t s .  Now we i n t e g r a t e  ( 1 .3 .3 )  o v e r  
t h e  v o l u m e  o f  t h e  r a y t u b e  a n d  u s e  t h e  d i v e r g e n c e  t h e o r e m  t o  f i n d :  
w h e r e  - n  i s  t h e  o u t w a r d  n o r m a l  t o  t h e  s u r f a c e  o f  t h e  t u b e  o f  
r a y s .  B e c a u s e  t h e  r a y s  a r e  p a r a l l e l  t o  V @ :  
On So ( S T )  t h e  r a y s  a n d  n  a r e  i n  o p p o s i t e  ( t h e  same)  
d i  r e c t  i o n s  s o  
n .v+  = - I v + ~  on So 
- 
n.v+ = v on ST 
- 
F r o m  (1 .1 .8 )  we c a n  w r i t e  (1 .3 .6 )  a s  
U s i n g  (1 .3 .5 )  a n d  (1 .3 .7 )  i n  ( 1 . 3 . 4 )  
F o r  a  v e r y  n a r r o w  t u b e  o f  r a y s ,  ( 1 . 3 . 8 )  becomes 
w h e r e  / S o l  ( I S T I )  i s  t h e  a r e a  o f  S o  ( S T ) .  I n  t h e  l i m i t  o f  I S O I ,  
I S T I + O  we h a v e  
w h e r e  we h a v e  u s e d  (1 .3 .2 ) .  E q u a t i o n  (1 .3 .10 )  i s  v a l i d  i n  t w o  o r  
t h r e e  d i m e n s i o n s .  We now r e s t r i c t  o u r s e l v e s  t o  t w o  d i m e n s i o n s .  
L e t  6 r e p r e s e n t  a r c - l e n g t h  on ST. The r a t i o  d l S l / d l S o l  now 
becomes d g / d a  ( r e c a l l  a i s  a r c - l e n g t h  on So) .  We c o m p u t e  f r o m  
(1 .2 .18 )  
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= 1  b e c a u s e  B i s  a r c - l e n g t h .  T h e r e f o r e  (1 .3 .10 )  
becomes 
S i n c e  E > o  a n d  C > O  we i n v e r t  ( 1 . 3 . 1 1 )  a n d  w r i t e  i t  a s  
A t  t h e  o c c u r r e n c e  o f  a  f o c u s ,  A c h a n g e s  s i g n ,  h e n c e  t h e  
a b s o l u t e  v a l u e  o f  A i s  n e e d e d  i n  ( 1 .3 .12 ) .  As A p a s s e s  t h r o u g h  
z e r o ,  1 becomes i n f i n i t e .  T h i s  i s  due  t o  t h e  b r e a k d o w n  o f  
g e o m e t r i c  o p t i c s  a t  a  f o c u s .  What r e a l l y  h a p p e n s  a t  t h e  f o c a l  
p o i n t s  i s  t h a t  d i f f r a c t i o n  e f f e c t s  become i m p o r t a n t ,  a n d  k e e p  t h e  
e n e r g y  f i n i t e .  
E q u a t i o n  ( 1 . 3 . 1 2 )  d e s c r i b e s  e n e r g y  p r o p a g a t i o n  a l o n g  a  r a y  
as  a  f u n c t i o n  o f  A a n d  C. 
1.4 S c a l i n g  o f  Two D i m e n s i o n a l  E q u a t i o n s  
We now r e s t r i c t  o u r s e l v e s  t o  a  t w o  d i m e n s i o n a l  c o o r d i n a t e  
s y s t e m  w i t h  b a s i s  v e c t o r s  ( i ,  - - j). We d e f i n e  f ( X 1 ,  X2) = 
f ( X 1  - i + X 2  - j )  f o r  any  s p a c e - v a r y i n g  f u n c t i o n  f. 
We assume t h a t  t h e  v e l o c i t y  f i e l d  C ( X )  i s  w e a k l y  
i n h o m o g e n e o u s .  T h a t  i s ,  we assume C(X )  c a n  be r e p r e s e n t e d  a s  
w h e r e  C ( X )  - i s  mean z e r o  a n d  
C) 
C a n d  a l l  o f  i t s  d e r i v a t i v e s  a r e  b o u n d e d  ( 1 . 4 . 3 )  
We d e f i n e  t h e  i n i t i a l  w a v e f r o n t  b y  
w h e r e  h ( a )  i s  a r b i t r a r y  b u t  b o u n d e d ,  a n d  h a s  b o u n d e d  
d e r i v a t i v e s .  We a s s u m e  t h a t  t h e  d e r i v a t i v e s  o f  t h e  0 ( u 4 l 3 )  t e r m  
i n  ( 1 . 4 . 4 )  a r e  a l s o  o f  o r d e r  O(u 4 / 3 ) .  
What ( 1 . 4 . 4 )  r e p r e s e n t s  i s  a  s l i g h t y  w a v y  i n i t i a l  
w a v e f r o n t .  I f  h ( a ) = O ,  t h e n  t h e  w a v e f r o n t  d e f i n e d  b y  ( 1 . 4 . 4 )  i s  
p l a n a r .  
F r o m  - X ( 0 , a )  we c a n  c o m p u t e  - V(O,a ) ,  l l ( O , a )  a n d  B ( 0 , a )  u s i n g  
( 1 . 2 . 4 ) ,  ( 1 . 2 1 ) ,  ( 1 . 2 1 6 )  We f i n d  
F r o m  ( 1 . 2 . 2 4 ) ,  ( 1 . 4 . 7 )  we s e e  t h a t  t h e  i n i t i a l  w a v e f r o n t  h a s  
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a  c u r v a t u r e  o f  o r d e r  O ( U  2 / 3 1  
Now we i n v e s t i g a t e  t h e  t w o  d i m e n s i o n a l  e q u a t i o n s  on a  l o n g  
l e n g t h  s c a l e ,  t, d e f i n e d  by 
We s c a l e  X ,  V ,  A,  B t o  f o r m  t h e  new v a r i a b l e s  
- - 
I f  u=O i n  ( 1 .4 .1 )  s o  t h e  med ium i s  u n i f o r m ,  t h e n  we w o u l d  
f i n d  f r o m  ( 1 . 1 . 1 6 a ) ,  ( 1 . 1 . 1 9 )  a n d  ( 1 . 4 . 4 ) ,  ( 1 . 4 . 6 ) :  
T h a t  i s ,  a  r a y  w o u l d  t r a v e l  i n  a  s t r a i g h t  l i n e  a l o n g  t h e  - i 
a x i s .  The c h a n g e  o f  v a r i a b l e  i n  (1 .4 .9 )  c e n t e r s  - X, - V by r e m o v i n g  
t h i s  l e a d i n g  o r d e r  ' v a l u e .  
We n o t e  f r o m  (1.4.9b)  
We now u s e  ( 1 . 4 . 1 ) ,  ( 1 . 4 . 8 ) ,  ( 1 . 4 . 9 ) ,  ( 1 . 4 . 1 1 )  on o u r  t w o  
d i m e n s i o n a l  e q u a t i o n s  o f  m o t i o n :  ( l . l . l 6 a ) ,  ( 1 . 1 . 1 9 ) ,  ( 1 . 2 . 2 0 ) ,  
( 1 . 2 . 2 2 ) .  
From ( 1 1 1 6 b ) ,  ( 1 . 2 . 2 0 )  we f i n d  
F rom ( 1 . 1 . 1 9 )  we h a v e  
F rom ( 1 . 2 . 2 2 )  we o b t a i n :  
Now we decompose  - xu a n d  - V' i n t o  s c a l a r  f u n c t i o n s  a l o n g  t h e  
c o o r d i n a t e  a x e s  by 
A 
The a r g u m e n t  t o  C i n  ( 1 . 4 . 1 4 ) ,  (1 .4 .15)  i s  - X ( s , a ) .  U s i n g  
( 1 . 4 . 9 a ) ,  ( 1 . 4 . 1 6 )  we c a n  w r i t e  
t ( x )  - = 2 ( x U ( t )  - + -, - i )  = (  ( t )  + , t x; ( t )  ) ( 1 . 4 .17 )  
u u 
Now we u s e  ( 1 . 4 . 1 6 ) ,  ( 1 . 4 .17 )  i n  ( 1 . 4 . 1 2 ) - ( 1 . 4 . 1 5 )  t o  f i n d  
E q u a t i o n  ( 1 . 4 . 1 8 )  has  t h e  f i n a l  f o r m  o f  t h e  t w o  d i m e n s i o n a l  
e q u a t i o n s  o f  m o t i o n .  To f i n d  t h e  i n i t i a l  c o n d i t i o n s  f o r  ( 1 . 4 . 1 8 )  
we u s e  ( 1 . 4 . 9 ) ,  ( 1 . 4 . 1 6 )  i n  ( 1 . 2 . 1 9 ) ,  ( 1 . 4 . 4 ) ,  ( 1 . 4 . 6 ) ,  ( 1 . 4 . 7 )  
t o  f i n d  
h  " ( a )  
- 3 0 -  
1.5 S c a l i n g  o f  T h r e e  D i m e n s i o n a l  E q u a t i o n s  
I n  t h i s  s e c t i o n  we s c a l e  t h e  t h r e e  d i m e n s i o n a l  e q u a t i o n s  o f  
m o t i o n  ( 1 . 1 . 1 6 a ) ,  ( 1 . 1 .19 ) .  
We t a k e  a  t h r e e  d i m e n s i o n a l  r e c t a n g u l a r  c o o r d i n a t e  s y s t e m  
w i t h  b a s i s  v e c t o r s  ( i ,  - - j, _1). We d e f i n e  f ( X 1 ,  X 2 ,  X3)  = 
f ( X 1 l  + X2& + X&) f o r  a n y  s p a c e  v a r y i n g  f u n c t i o n  f. 
We now n e e d  t w o  s c a l a r s  t o  p a r a m e t r i z e  t h e  i n i t i a l  
w a v e f r o n t :  - a=(a l ,  a 2 ) .  We d e f i n e  t h e  i n i t i a l  w a v e f r o n t  by 
w h e r e  h ( a 2 , a 3 )  i s  a r b i t r a r y  b u t  bounded ,  and  h a s  b o u n d e d  
d e r i v a t i v e s .  We assume t h a t  t h e  - a d e r i v a t i v e s  o f  t h e  0 ( o 4 I 3 )  
t e r m  i n  ( 1 .5 .1 )  a r e  a l s o  o f  o r d e r  0 ( 0 ~ / ~ ) .  
T h e s e  c o n d i t i o n s  i n s u r e  t h a t  t h e  i n i t i a l  w a v e f r o n t  h a s  o n l y  
0 ( 0 " ~ )  d e v i a t i o n s  f r o m  a  p l a n e  wave. I f  h ( a 2 ,  a3 )=O t h e n  t h e  
i n i t i a l  w a v e f r o n t  i s  p l a n a r .  
The v e c t o r  - V(O,s) = a i + b j + c k  - - -  i s  o f  u n i t  m a g n i t u d e  a n d  i s  
n o r m a l  t o  t h e  w a v e f r o n t .  
I f  we d e f i n e  
t h e n  
I f  we t a k e  
a 2  + b2 + c2 = 1 
so  t h a t  I V ( O , L ) I = l  - t h e n  we can  s o l v e  ( 1 5 . 3 )  ( 1 .5 .4 )  f o r  
So t h a t  
V(Oyo) = i + u 2 I 3 ( h  j + h 
- - 
k )  + 0 ( u 2 I 3 )  ( 1 .5 .6 )  
"2 - "3 - 
We now t a k e  
C(L) = C o  ( I +  u  ifill 
a n d  assume (1 .4 .2 ) ,  (1 .4 .3 ) .  We d e f i n e  new v a r i a b l e s  by 
We now u s e  (1 .5 .7 ) ,  (1 .5 .8 )  i n  (1 .1 .16a) ,  (1 .1 .19) .  
E q u a t i o n  (1 .1 .16a )  becomes 
E q u a t i o n  (1 .1 .19)  becomes 
We decompose X u  and  V u  i n t o  s c a l a r  f u n c t i o n s  a l o n g  t h e  
* - - 
c o o r d i n a t e  a x e s  b y :  
A 
The C f u n c t i o n  i n  (1 .5 .10)  i s  a  f u n c t i o n  o f  - X. We c a n  w r i t e  
t h i s  a s :  
U s i n g  ( 1 . 5 . 1 1 ) ,  ( 1 . 5 . 1 2 )  i n  ( 1 . 5 . 9 ) ,  ( 1 . 5 . 1 0 )  we o b t a i n :  
w h e r e  Q = o ( u ~ / ~ ~  - v " l  + c T ~ / ~ ) .  E q u a t i o n  ( 1 . 5 . 1 3 )  h a s  t h e  f i n a l  f o r m  
o f  t h e  t h r e e  d i m e n s i o n a l  e q u a t i o n s  o f  m o t i o n .  We o b t a i n  t h e  
i n i t i a l  c o n d i t i o n s  f o r  ( 1 . 5 . 1 3 )  by u s i n g  ( 1 . 5 . 1 1 )  i n  ( 1 . 5 . 1 )  a n d  
( 1 . 5 6 )  We f i n d  
-34- 
2.1 P a p a n i c o l a o u  and  K o h l e r  L i m i t  Theo rem 
I n  t h i s  s e c t i o n  we s t a t e  t h e  P a p a n i c o l a o u  a n d  K o h l e r  ( 8 )  
l i m i t  t h e o r e m .  
D e f i n e  c k , P ( R N )  t o  be t h e  c o l l e c t i o n  o f  f u n c t i o n s  on R N  w i t h  
c o n t i n u o u s  d e r i v a t i v e s  up t o  o r d e r  k  f o r  w h i c h  t h e r e  e x i s t s  a n  
i n t e g e r  p>O w i t h  
C o n s i d e r  t h e  v e c t o r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n :  
I f  t h r e e  c o n d i t i o n s  h o l d  t h e n  t h e  p r o c e s s  x ( ' )  ( t h e  s o l u t i o n  
o f  ( 2 . 1 . 2 ) )  c o n v e r g e s  w e a k l y  a s  E+O t o  a  d i f f u s i o n  M a r k o v  p r o c e s s  
w i t h  i n f i n i t e s i m a l  g e n e r a t o r  ( b a c k w a r d  o p e r a t o r ) ,  f, : 
w h e r e  b a  i s  d e f i n e d  on C 2 . ~ ( ~ N ) .  
We now s p e c i f y  t h e  t h r e e  c o n d i t i o n s  a n d  g i v e  t h e  d e f i n i t i o n s  
f o r  a i j  a n d  bi. 
C o n d i t i o n  I: M i x i n g  
L e t  ( Q ,  ,P) be a  p r o b a b i l i t y  s p a c e  w i t h  
a l l  c o n t i n u o u s  v e c t o r  v a l u e d  f u n c t i o n s  
n N N 1 (2 .1 .4 )  F ( T , X , ~ ) :  [O,T] x R x [o,=) + R 
L e t  3 be a  f a m i l y  o f  s u b - s i g m a  a l g e b r a s ,  c o n t a i n e d  i n  n 
a n d  d e f i n e d  f o r  O c s c t c w ,  s u c h  t h a t  
3f1c 3f2 f o r  O < ~ < s l < t l < t 2 < =  
1 2  
The m i x i n g  r a t e  p ( t )  i s  d e f i n e d  by 
We r e q u i r e  p ( t )  t o  s a t i s f y  t h e  r a t e  c o n d i t i o n :  
We d e n o t e  i n t e g r a t i o n  o v e r  52 r e l a t i v e  t o  P  by EL.]. 
The v a r i a b l e s  - F a n d  - G a r e  e l e m e n t s  o f  n, h o w e v e r ,  we w i l l  
-36- 
n o t  a l w a y s  i n c l u d e  UJ i n  t h e  a r g u m e n t  l i s t s  o f  - F a n d  - G. 
C o n d i t i o n  11 :  C o n d i t i o n s  on F a n d  G 
We r e q u i r e  
The f o l l o w i n g  c o n d i t i o n s  a p p l y  t o  - F a n d  - G, we s t a t e  t h e n  
j u s t  f o r  F. 
-
F m u s t  be j o i n t l y  m e a s u r a b l e  w i t h  r e s p e c t  t o  i t s  
m e a s u r a b l e  as a  f u n c t i o n  we Q. ( 2 . 1 . 9 )  
T h e r e  e x i s t s  an i n t e g e r  r > O  s u c h  t h a t  
a n d  
f o r  s ,  s t h  [O,T] (2 .1 .13 )  
C o n d i t i o n  I 1  I: R e q u i r e m e n t s  o f  t h e  G e n e r a t o r  
D e f  i n e  
a , )  = l i m  L [  E [  F  ) F , ,  ) ]  ] ( 2 . 1 . 1 7 )  
E + O  E E 
S 
+ l im L ' [  E [  G . ,  A ,  ) ]  ] ( 2 . 1 . 1 8 )  J 
E + O  E 
We r e q u i r e  t h a t :  
ai j ( , ,X) - i s  n o n - n e g a t i v e  d e f i n i t e  (2 .1 .21)  
a n d  t h a t  a i j  has  a  s y m m e t r i c  s q u a r e  r o o t  c i j  
s u c h  t h a t :  
a n d  a l s o  
l a i ~ ( T , x ) - a  i j ( ~ t h , X ) (  < c h  ( ~ ~ J x J )  - (2 .1 .27)  
J b j ( r , X ) - b j ( r t h , X ) I  - - G C h  ( 1 t I X I )  - (2 .1 .28)  
L a s t l y  we n e e d  t o  assume t h e r e  e x i s t s  an i n t e g e r  r s u c h  t h a t  
2.2 A p p l y i n g  t h e  P a p a n i c o l a o u  and  K o h l e r  Theo rem t o  D y n a m i c a l  
S y s t e m s  
I n  t h i s  t h e s i s  we w i l l  o n l y  u s e  t h e  P a p a n i c o l a o u  and  K o h l e r  
t h e o r e m  on v e c t o r  o r d i n a r y  d i  f f e r e n t i a l  e q u a t i o n s  o f  t h e  f o r m :  
w h e r e  &, 1 a n d  - K a r e  v e c t o r s  w i t h  M c o m p o n e n t s .  
E q u a t i o n  (2 .2 .1 )  c a n  be o b t a i n e d  f r o m  d y n a m i c a l  s y s t e m s  o f  
t h e  f o r m  
To u s e  t h e  P a p a n i c o l a o u  a n d  K o h l e r  t h e o r e m  on (2.2.1)  we 
d e f i n e  
B e c a u s e  - G i s  n o n - s t o c h a s t i c  and  does  n o t  d e p e n d  on t o r  
t / E 2 ,  a n d  - F  d o e s  n o t  d e p e n d  on t , many o f  t h e  P a p a n i c o l a o u  a n d  
K o h l e r  r e q u i r e m e n t s  w i l l  s i m p l i f y .  I n  t h i s  s e c t i o n  we w i l l  w r i t e  
t h e  r e q u i r e m e n t s  o f  t h e  P a p a n i c o l a o u  a n d  K o h l e r  t h e o r e m  i n  t e r m s  
o f  p, 1 a n d  K. 
-
From (2 .1 .8 )  we r e q u i r e  
C o n d i t i o n s  ( 2 .1 .  l o ) ,  (2 .1 .11) ,  ( 2 . 1 .12 )  a r e  v a l i d  f o r  - 6,
s i n c e  - G i s  l i n e a r  i n  - X. T h e s e  c o n d i t i o n s ,  a p p l i e d  t o  - F, g i v e  u s  
t h e  f o l l o w i n g  c o n d i t i o n s  on - K :  
C o n d i t i o n s  ( 2 1 . 1 3 )  ( 2 . 1 . 1 4 )  a r e  v a l i d  f o r  F  a n d  G s i n c e  
- - 
n e i t h e r  - F n o r  - G d e p e n d s  on t ( t h e  s l o w  t i m e  s c a l e ) .  
Now we m u s t  c h e c k  t h e  c o n d i t i o n s  on t h e  g e n e r a t o r .  F r o m  
( 2 . 2 . 3 ) ,  ( 2 . 2 . 5 )  we h a v e  
3 F j  
- - 
- 0 i=M+1,...,2M; a l l  j a x  ( 2 . 2 . 1 0 )  
Hence ,  t h e  sum i n  ( 2 . 1 . 1 8 )  i s  v a c u o u s ,  A l s o ,  t h e  L '  o p e r a t o r  h a s  
n o  e f f e c t  on t h e  ( 2 . 2 . 6 )  d e f i n i t i o n  o f  - G. T h e r e f o r e ,  ( 2 . 1 . 1 8 )  
becomes 
W i t h  (2.2.  l l ) ,  c o n d i t i o n s  ( 2 . 1 . 2 0 ) ,  ( 2 . 1 . 2 5 ) ,  ( 2 . 1 . 2 6 ) ,  ( 2 . 1 . 2 8 ) ,  
( 2 . 1 .30 )  a r e  a l l  t r u e  ( b  - i s  l i n e a r  i n  - X ) .  
U s i n g  (2 .2 .5 )  i n  ( 2 .1 .17 )  we h a v e  
lo o t h e r w i s e  
F r o m  (2 .1 .22 )  we o b s e r v e  a i j  = a j i .  T h i s  s i m p l i e s  t h e  
c a l c u l a t i o n  o f  (2 .2 .12) .  E q u a t i o n  ( 2 .1 .19 )  becomes 
E q u a t i o n  ( 2 .1 .27 )  i s  v a c u o u s l y  t r u e ,  s i n c e  aiJ d o e s  n o t  
d e p e n d  on t. Howeve r ,  e q u a t i o n s  ( 2 . 1 . 2 1 ) ,  ( 2 . 1 . 2 2 ) ,  ( 2 . 1 . 2 3 ) ,  
( 2 . 1 . 2 4 ) ,  ( 2 . 1 .29 )  m u s t  s t i l l  be v e r i f i e d .  They  c a n n o t  be 
v e r i f i e d  w i t h o u t  m o r e  k n o w l e d g e  o f  - K. 
To s u m m a r i z e ,  we h a v e  f o u n d  a ,  bi ( i n  ( 2 2 . 1 1 )  a n d  
( 2 . 2 . 1 2 ) ) .  t h e  c o n d i t i o n s  t h a t  m u s t  s t i l l  be c h e c k e d  a r e :  
M i x i n g  r a t e :  (2 .1 .7 )  
C o n d i t i o n s  on - K: ( 2 . 2 . 7 ) ,  ( 2 . 2 .9 )  
C o n d i t i o n s  on a i j :  ( 2 . 2 . 1 3 ) .  ( 2 . 1 . 2 1 ) ,  ( 2 . 1 . 2 2 ) ,  
( 2 . 1 . 2 3 ) ,  ( 2 . 1 . 2 4 ) ,  ( 2 . 1 . 2 9 )  ( 2 .2 .14 )  
2.3 A ~ ~ l v i n a  t h e  P a ~ a n i c o l a o u  and  K o h l e r  Theo rem t o  t h e  Two 
D i m e n s i o n a l  E q u a t i o n s  o f  M o t i o n :  D e r i v i n g  t h e  G e n e r a t o r  ( 2 , )  A 
I n  t h i s  s e c t i o n  we w i l l  u s e  t h e  P a p a n i c o l a o u  a n d  K o h l e r  
t h e o r e m  on t h e  t w o  d i m e n s i o n a l  e q u a t i o n s  o f  m o t i o n  we h a v e  f o u n d :  
( 1 . 4 1 8 ) .  ( 1 . 4 1 9 )  T h e s e  e q u a t i o n s  a r e  o f  t h e  f o r m  (2 .2 .1 )  s o  
we c a n  u s e  t h e  r e s u l t s  o f  s e c t i o n  2.2. 
We w i l l  n e e d  t h e  f o l l o w i n g  f a c t  t o  c o m p u t e  t h e  i n f i n i t e s i m a l  
g e n e r a t o r :  i f  
t h e n  
To show t h i s  we t a k e  ( 2 . 1 . 1 3 )  ( t h e  d e f i n i t i o n  o f  LC.]) 
T + E  a  
a -S  I = [ H Z ,  )  = 
-=j 1 d o  1 ds  H ( Z , - 7 )  u - s  
E  E T  T E  
a n d  c h a n g e  v a r i a b l e s  t o  
f o r  
w h e r e  
we e x p a n d  I a s  
U s i n g  L ' H o p i t a l s  r u l e  i n  t h e  f i r s t  t e r m  o f  (2 .3 .5 )  we o b t a i n  
1 1 ~  
I = l i r n  J ( ~ / E )  - E { l i m  I dX [ J ( X ) - J ( ~ / E ) ]  } + 0 ( c 2 )  
E + O  E + O  0 
F r o m  ( 2 . 3 . 6 )  we c o n c l u d e  t h a t  ( 2 . 3 . 1 )  i m p l i e s  ( 2 . 3 . 2 ) .  
Now we c o p y  ( 1 . 4 . 8 ) ,  ( 1 . 4 9 )  f o r  t h e  c a s e  o f  N  r a y s  a n d  
k e e p  o n l y  t h o s e  t e r m s  t h a t  a r e  o r d e r  o n e  o r  l a r g e r :  
N e g l e c t i n g  t h e  t e r m s  i n  ( 1 . 4 . 1 8 ) ,  ( 1 . 4 . 1 9 )  t h a t  a r e  s m a l l e r  
A t h a n  O ( 1 )  i s  t h e  o n l y  n o n - r i g o r o u s  s t e p  i n  t h e  d e r i v a t i o n  o f  fN .  
To  t h i s  o r d e r  o f  a p p r o x i m a t i o n ,  t h e  s o l u t i o n  f o r  X: a n d  V: 
i s  c l e a r l y  
I f  we u s e  ( 2 . 3 . 9 )  i n  ( 2 . 3 . 7 )  t h e  s y s t e m  r e d u c e s  t o  t h e  4N 
v a r i a b l e s  { x Z ( t , a L ) ,  v Z ( t , a L )  , A u ( t , a L ) ,  B u ( t , a L ) } ,  f o r  L = 1 ,  
2 . N .  We u s e  t h e  new v a r i a b l e s  
a n d  (2 .3 .9 )  i n  ( 2 . 3 . 7 )  t o  f i n d :  
We now u s e  t h e  P a p a n i c o l a o u  a n d  K o h l e r  t h e o r e m  on 
( 2 . 3 . 1 1 ) .  E q u a t i o n  ( 2 .3 .11 )  h a s  t h e  same f o r m  a s  (2 .2 .1 )  i f  we 
i d e n t i f y :  
t o  be t h e  s m a l l e s t  s i g m a  a l g e b r a  w i t h  We a l s o  d e f i n e  
A A 
r e s p e c t  t o  w h i c h  { C X  ( r y X ) ,  - ( T , X )  - I f o r  a l l  - X and  s c ~ c t }  a r e  
C x 2 x 2  2  
m e a s u r a b l e .  
F i r s t  we w i l l  f i n d  t h e  i n f i n i t e s i m a l  g e n e r a t o r ,  a n d  t h e n  
v e r i f y  t h e  r e q u i r e m e n t s  o f  t h e  P a p a n i c o l a o u  and  K o h l e r  t h e o r e m .  
F r o m  ( 2 . 2 . 1 1 )  we h a v e :  
Now we c a l c u l a t e  aiJ f r o m  (2 .2 .12 )  and  (2 .3 .6 )  t o  o b t a i n :  
L  l i m  L [  ~ { i ~(+,xK) i X 2 ( + , x  I } ]  
E'O 
2  E E 
i = 2N + 2K-1,  j = 2N + 2 L - 1  
a i j  - l i m  L [ E { A  K c X  A (+,xK) C^  ( " , x L ) j ]  
E'O 
2 2 E  X 2  TZ 
i = 2N + 2K, j = 2N + 2 L - 1  
i = 2N + 2 K - 1 ,  j = 2N + 2L  
K A s  K  L A  L  l i m  L [ E {  A C X  ( 7 , X  A  C X  x ($,x 1 1 1  
E'O 2 2 E  2 2 E  
i = 2N + 2K, j = 2N + 2L  
L 0  o t h e r w i s e  ( 2 . 3 . 1 5 )  
We d e f i n e  t h e  c o r r e l a t i o n  f u n c t i o n  f o r  t o  be 
A 
We assume t h a t  C i s  homogeneous  a n d  i s o t r o p i c  s o  t h a t  
F rom ( 2 . 3 . 8 )  we c o m p u t e  
A 
U s i n g  ( 2 . 1 . 1 8 )  a n d  t h e  h o m o g e n e i t y  o f  C ,  ( 2 . 3 . 1 5 )  b e c o m e s  
g ( ~ L  - X K )  i= 2N + 2K-1,  j= 2N + 2 L - 1  
- A K g '  ( X L  - x K )  i= 2N + 2K, j= 2N + 2 L - 1  
i= 2N + 2K-1,  j= 2N + 2 L  
- A K A L g " ( x L  - x K )  i= 2N + 2K, j= 2N + 2L  
0 o t h e r w i s e  ( 2 . 3 . 2 0 )  
L  K  
- l i m  [ R ~  (5,x - X  ) ] 
E'O 2 2  E 
a i j ( x )  = 
i = 2N t 2K-1 ,  j = 2N + 2 L - 1  
A  K R X  X X (7 u-s  , x L - x )  K ] 
E'O 2 2 2  € 
i = 2N t 2K, j = 2N + 2 L - 1  
j = 2N t 2K-1 ,  j = 2N t 2L  
K L  A A l i r n  L [  R~ (y, i k  
2 2 2 2 E  
x - x >  I 
E + O  
i = 2N + 2K, j - 2N t 2L 
0 o t h e r w i s e  ( 2 . 3 . 1 9 )  
U s i n g  ( 2 . 3 . 1 ) ,  ( 2 . 3 . 2 )  we c a n  e v a l u a t e  ( 2 . 3 . 1 9 )  a s  
w h e r e  we h a v e  d e f i n e d  
a n d  we h a v e  t h e  r e q u i r e m e n t s  f r o m  (2 .3 .1 )  
C h a p t e r  f o u r  o f  t h i s  t h e s i s  has  r e p r e s e n t a t i o n s ,  p r o p e r t i e s  
a n d  e x a m p l e s  o f  t h e  g ( z )  f u n c t i o n .  
F rom ( 2 . 3 . 1 4 ) ,  ( 2 . 3 . 2 0 )  we h a v e  f o u n d  t h e  i n f i n i t e s i m a l  
g e n e r a t o r  c o r r e s p o n d i n g  t o  (2 .3 .7 ) .  I t  i s  ( s e e  ( 2 . 1 . 3 ) )  
Now we m u s t  c h e c k  t h e  c o n d i t i o n s  o f  t h e  P a p a n i c o l a o u  a n d  
K o h l e r  t h e o r e m  ( s e e  ( 2 . 2 . 1 4 ) ) .  F i r s t  we m u s t  c h e c k  t h e  m i x i n g  
c o n d i t i o n  (2 .1 .7 ) .  A t  a  m in imum we m u s t  h a v e  t h a t  t h e  
c o r r e l a t i o n  f u n c t i o n  o f  - K d e c a y s  t o  z e r o  as  t h e  a r g u m e n t  g o e s  t o  
i n f i n i t y .  T h i s  i n s u r e s  a  weak f o r m  o f  m i x i n g  ( s e e  ( 1 3 ) ,  p. 78,  
e x e r c i s e  3 )  b u t  n o t  ( 2 . 1 7 )  We w i l l  assume t h e  ( s t r o n g e r )  
r e q u i r e d  m i x i n g  r a t e .  E q u a t i o n  (2 .3 .22)  a l r e a d y  a s s u r e s  u s  t h a t  
t h e  c o r r e l a t i o n  f u n c t i o n  o f  - K goes  t o  z e r o ,  s o  n o  new c o n d i t i o n s  
a r e  r e q u i r e d .  
A 
B e c a u s e  we assumed C h a d  mean z e r o  i n  (1 .4 .1 ) ,  e q u a t i o n  
A 
( 2 .2 .8 )  i s  s a t i s i f e d .  We a l s o  r e q u i r e d  C t o  h a v e  b o u n d e d  
d e r i v a t i v e s  i n  ( 1 . 4 . 3 ) .  T h e r e f o r e  (2 .2 .9 )  i s  s a t i s f i e d  ( s e e  
P r o b a b i  l i t y  { A ~ > M } + o  as  M+= 
We a r e  o n l y  i n t e r e s t e d  i n  a p p l y i n g  t h e  P a p a n i c o l a o u  a n d  
K o h l e r  t h e o r e m  t o  ( 2 . 3 . 7 )  when E i s  s m a l l .  T h e r e f o r e  we n e e d  
o n l y  v e r i f y  ( 2 .2 .13 )  f o r  s m a l l  E .  F o r  s m a l l  E ,  ( 2 .2 .13 )  i s  
v e r i f i e d  by v i r t u e  o f  (2 .3 .2 ) .  
E q u a t i o n s  (2 .1 .21 ) ,  ( 2 .1 .22 ) ,  ( 2 .1 .23 ) ,  (2 .1 .24)  a n d  
(2 .1 .29 )  m u s t  s t i l l  be v e r i f i e d .  We have  n o t  y e t  been a b l e  t o  
show t h e y  a r e  s a t i s f i e d  i n  t h e  g e n e r a l  c a s e .  
I n  c o n c l u s i o n ,  we h a v e  f o u n d  t h e  g e n e r a t o r  f o r  t h e  m o t i o n  o f  
N r a y s  a n d  t h e i r  a s s o c i a t e d  r a y t u b e s ,  $1 ( i n  ( 2 . 3 . 2 3 ) ) .  The  
u n v e r i f i e d  r e q u i r e m e n t s  f o r  t h e  d e r i v a t i o n  a r e :  ( 2 .3 .22 ) ,  
( 2 .3 .24 ) ,  ( 2 . 1 . 2 1 )  - (2 .1 .24 ) ,  (2 .1 .29) .  
* 
2.4 F o r w a r d  O p e r a t o r  f o r  N Rays ,  f ,  
* 
H e r e  we f i n d  f N  , t h e  f o r w a r d  o p e r a t o r  f o r  N r a y s .  
L To f i n d  t h e  e v a l u a t i o n  o f  t h e  q u a n t i t i e s  { X  , v L ,  A ~ ,  R ~ }  we 
m u s t  s o l v e  t h e  f o r w a r d  K o l m o g o r o v  e q u a t i o n  
w h e r e  a  " * "  o f  an o p e r a t o r  w i l l  a l w a y s  mean t h e  f o r m a l  a d j o i n t  o f  
t h a t  o p e r a t o r .  
The v a l u e  o f  Q,  a t  a  d i s t a n c e  o f  t, w i l l  be t h e  p r o b a b i l i t y  
d e n s i t y  f o r  t h e  v a r i a b l e s  { x L ( t ) ,  v L ( t ) ,  A L ( t ) ,  s L ( t ) ] .  F r o m  
( 2 . 3 . 1 2 )  we know t h e  i n i t i a l  v a l u e s  o f  { x L ,  vL ,  A L ,  g L }  
e x a c t l y .  T h e r e f o r e  t h e  c o r r e c t  i n i t i a l  c o n d i t i o n s  f o r  ( 2 .4 .1 )  
a r e  
I n  ( 2 .4 .2 )  we i n t r o d u c e  t h e  p r a c t i c e  o f  s e p a r a t i n g  t h e  
i n i t i a l  c o n d i t i o n s  f r o m  t h e  f o r w a r d  v a r i a b l e s  i n  t h e  a r g u m e n t  
l i s t  by a  s e m i c o l o n .  
I f  t h e  i n i t i a l  w a v e f r o n t  was p l a n a r ,  s o  h=O, t h e n  (2 .4 .2 )  
becomes 
F rom P/ we c a n  f i n d  t h e  g e n e r a t o r  f o r  N r a y s  w i t h o u t  t h e i r  
a s s o c i a t e d  r a y t u b e  a r e a s .  B e c a u s e  o f  t h e  s p e c i a l  f o r m  o f  $1 we 
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c a n  do t h i s  by i n t e g r a t i n g  (2 .4 .1 )  and  (2 .4 .2 )  w i t h  r e s p e c t  t o  - A 
a n d  - B. D e f i n e  
Then,  by i n t e g r a t i n g  ( 2 . 4 . 1 ) ,  ( 2 . 4 . 2 )  w i t h  r e s p e c t  t o  - A a n d  
B ,  we o b t a i n  
-
w h e r e  ( s e e  ( 2 . 3 . 2 3 ) )  
To o b t a i n  ( 2 .4 .5 )  f r o m  (2 .4 .1 )  we h a d  t o  assume t h a t  Q a n d  
- 
L L a r e  z e r o  a t  I A  I = -  a n d  10 I=-.  A l t e r n a t e l y ,  we c o u l d  h a v e  
a v 
d e r i v e d  (2 .4.7)  f r o m  a p p l y i n g  t h e  P a p a n i c o l a o u  a n d  K o h l e r  t h e o r e m  
d i r e c t l y  t o  ( 2 . 3 . 1 1 a )  a n d  ( 2 . 3 . 1 1 ~ ) .  
The  s o l u t i o n  H ( t ,X ,V ;a )  --- o f  (2 .4 .5 )  w i l l  be t h e  j o i n t  d e n s i t y  
o f  { X ,  - - V )  a t  a  d i s t a n c e  t. 
We d e f i n e  g O = g ( 0 ) .  S i n c e  R(X,Y)  i s  e v e n ,  g ( z )  i s  e v e n  ( s e e  
(2 .3 .17) ,  ( 2 . 3 . 2 1 ) ) .  T h e r e f o r e  g l ( 0 ) = O .  U s i n g  t h i s  we w r i t e  
A* * * * o u t  il , fl , f 2  , S 3  f o r  l a t e r  r e f e r e n c e .  
The i n i t i a l  c o n d i t i o n s  f o r  ( 2 .4 .9 )  t h r o u g h  ( 2 . 4 . 1 1 )  a r e  
g i v e n  i n  (2 .4 .6 ) .  F o r  t h e  c a s e  o f  a  p l a n e  i n i t i a l  w a v e f r o n t  
( h=O)  t h e  i n i t i a l  c o n d i t i o n s  become:  
2.5 T a k i n g  L i m i t s  i n  t h e  I n i t i a l  C o n d i t i o n s  
I n  t h i s  s e c t i o n  we t a k e  l i m i t s  i n  t h e  i n i t i a l  c o n d i t i o n s  o f  
2' We o b t a i n  t h e  s a m e - a n s w e r  t h a t  we w o u l d  h a v e  o b t a i n e d  h a d  we 
t a k e n  t h e  l i m i t s  i n  t h e  i n i t i a l  c o n d i t i o n s  o f  t h e  e q u a t i o n s  o f  
m o t i o n  a n d  t h e n  a p p l i e d  t h e  P a p a n i c o l a o u  a n d  K o h l e r  t h e o r e m .  
We s t a r t  w i t h  a p l a n e  i n i t i a l  w a v e f r o n t  a n d  u s e  f 2  t o  f i n d  
t h e  g e n e r a t o r  f o r :  
I )  2  r a y s  c o a l e s c i n g  i n t o  one r a y  ( i . . ,  f l )  
1 1 )  2  r a y s  s t a r t i n g  i n f i n i t e l y  f a r  a p a r t  
A 1 1 1 )  1 r a y  w i t h  i t s  a s s o c i a t e d  r a y t u b e  a r e a  ( i . e . ,  tl) 
F o r  a  p l a n e  i n i t i a l  w a v e f r o n t  t h e  i n i t i a l  c o n d i t i o n s  f o r  
t 2 H  = Ht a r e  ( s e e  (2 .3 .12 )  o r  ( 2 . 4 . 1 2 ) )  
t o  s i m p l i f y  n o t a t i o n ,  d e f i n e  
I: 2  Rays  c o a l e s c i n g  i n t o  one  r a y  
We c h a n g e  v a r i a b l e s  i n  ( 2 .4 .10 ) ,  ( 2 . 5 .1 )  by  
t o  f i n d  
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The I t o  e q u a t i o n s  c o r r e s p o n d i n g  t o  ( 2 .5 .4 )  a r e :  
w h e r e  B1, ~ 2  a r e  i n d e p e n d e n t  s t a n d a r d  B r o w n i a n  m o t i o n s .  I n  t h e  
l i m i t  o f  h+O, t h e  t w o  r a y s  d e s c r i b e d  by f 2  c o a l e s c e  i n t o  o n e  
r a y .  T a k i n g  h+O i n  ( 2 .5 .6 )  g i v e s  
R e c a l l i n g  t h a t  g O = g ( 0 )  we see  f r o m  ( 2 . 5 . 5 ) ,  ( 2 . 5 .7 )  t h a t  
i s  t h e  s o l u t i o n  f o r  (M,W). U s i n g  (2 .5 .8 )  i n  ( 2 .5 .7 )  we f i n d  
The f o r w a r d  o p e r a t o r  a s s o c i a t e d  w i t h  ( 2 .5 .9 )  i s  
w h i c h  i s  f l ( s e e  ( 2 . 4 . 9 ) ) .  
The r e s u l t  c o u l d  a l s o  h a v e  been o b t a i n e d  by s c a l i n g  t h e  I t o  
e q u a t  i ons c o r r e s p o n d i n g  t o  f 2  d i  r e c t  l y .  These  e q u a t  i ons a r e  
1 dv l  = (B+D)  dB3 + ( B - D )  dB4 
w h e r e  
D = J g ,  - g ( x 2 - x 1 )  s g n ( x 2 - X I )  
a n d  83,  B 4  a r e  i n d e p e n d e n t  s t a n d a r d  B r o w n i a n  m o t i o n s  ( s e e  s e c t i o n  
3.4 f o r  a  d e r i v a t i o n  o f  ( 2 .5 .11 ) ,  ( 2 . 5 . 1 2 ) ) .  
U s i n g  (2 .5 .3 )  i n  ( 2 .5 .11 )  we f i n d  
w h e r e  ( 2 . 5 . 1 2 )  h a s  b e c o m e :  
Now we d e f i n e  
S i n c e  d ~ ~ d g ~ = & ~ ~ d t ,  B 5  a n d  B6 a r e  i n d e p e n d e n t  s t a n d a r d  
B r o w n i a n  m o t i o n s .  U s i n g  ( 2 . 5 . 1 4 ) ,  ( 2 . 5 . 1 5 )  i n  ( 2 . 5 . 1 3 )  we f i n d  
E q u a t i o n s  ( 2 . 5 . 1 6 )  a r e  i d e n t i c a l  t o  ( 2 . 5 . 6 )  
11:  2 R a y s  s t a r t i n g  i n f i n i t e l y  f a r  a p a r t  
We t a k e  t h e  new v a r i a b l e s  
i n  ( 2 .5 .6 )  t o  f i n d  
T a k i n g  h+= i n  ( 2 . 5 . 1 8 )  we o b t a i n  t h e  I t o  e q u a t i o n s  f o r  t h e  
m o t i o n  o f  t w o  r a y s  t h a t  s t a r t  i n f i n i t e l y  f a r  a p a r t .  T a k i n g  t h i s  
l i m i t  i n  ( 2 . 5 . 1 8 )  a n d  u s i n g  g ( w ) = O  ( s e e  c h a p t e r  3 )  we o b t a i n  
F rom (2 .5 .19 ) .  t h e  {U1 ,  Y 1 }  v a r i a b l e s  a r e  i n d e p e n d e n t  o f  t h e  
{U2,  Y 2 }  v a r i a b l e s ,  a n d  v i c e - v e r s a .  The f o r w a r d  o p e r a t o r  
c o r r e s p o n d i n g  t o  (2 .5 .19)  i s  
w h i c h  has  t h e  same f o r m  as t w o  i n d e p e n d e n t  r a y s  ( s e e  (2 .4 .9 ) ) .  
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1 1 1 :  R e c o v e r i n g  2: f r o m  2, 
L 
Now we w i l l  l e t  t w o  r a y s  c o a l e s c e  i n  s u c h  a  way t h a t  we w i l l  
A 
o b t a i n  rl f r o m  r2. We do  t h i s  by c h a n g i n g  v a r i a b l e s  i n  f 2  t o  
O b s e r v e  t h a t ,  as h+O, A w i l l  become t h e  v e r t i c a l  d i s t a n c e  
b e t w e e n  t w o  v e r y  c l o s e  r a y s ,  n o r m a l i z e d  by t h e i r  i n i t i a l  
s e p a r a t i o n .  We a n t i c i p a t e  t h a t  h o r i z o n t a l  d e v i a t i o n s  b e t w e e n  t w o  
r a y s  w i l l  be much s m a l l e r  t h a n  v e r t i c a l  d e v i a t i o n s  ( s e e  
( 2 . 3 . 9 ) ) .  Hence ,  we c a n  a p p r o x i m a t e  t h e  a r e a  o f  a  r a y t u b e  by 
c o n s i d e r i n g  o n l y  v e r t i c a l  d e v i a t i o n s .  I n  t h i s  s e n s e ,  as  h+O, A 
becomes t h e  a p p r o x i m a t e  a r e a  o f  t h e  r a y t u b e  d e t e r m i n e d  by r a y s  1 
a n d  2. We w i l l  u s e  t h i s  a p p r o x i m a t i o n  a g a i n .  
We c a n  u s e  (2 .5 .21 )  i n  f p  by c h a n g i n g  v a r i a b l e s  i n  ( 2 .5 .6 )  
t o  ( s e e  ( 2 . 5 . 3 ) ) :  
We f i n d :  
T a k i n g  t h e  l i m i t  o f  h+O i n  ( 2 . 5 . 2 3 )  y i e l d s  ( r e c a l l  g ( z )  i s  
an  e v e n  f u n c t i o n  o f  z ) :  
The f o r w a r d  g e n e r a t o r  c o r r e s p o n d i n g  t o  2.5.24 i s  
ft + 
w h i c h  i s  p r e c i s e l y  sl ( s e e  ( 2 . 4 . 8 ) ) .  F rom (2 .5 .24)  o r  (2 .5 .25)  
we a l s o  see  t h a t  f o r  one r a y ,  
(A ,B)  a r e  i n d e p e n d e n t  o f  (N ,V) ,  a n d  v i c e - v e r s a  (2 .5 .26 )  
2.6 D e r i v i n g  2: F r o m  f,+ 
I n  t h i s  s e c t i o n  we d e r i v e  iN f r o m iZN f o r  a  p l a n e  i n i t i a l  
w a v e f r o n t .  T h i s  shows t h a t  a l l  o f  t h e  p r o b a b i l i s t i c  i n f o r m a t i o n  
A 
a b o u t  r a y t u b e  a r e a s  t h a t  c a n  be d e r i v e d  f r o m  fN c a n  a l s o  be f o u n d  
f r o m  f p N .  The t e c h n i q u e  u s e d  w i l l  c o n f i r m  t h a t  t h e  a r e a  o f  a  
r a y t u b e  i s  w e l l  a p p r o x i m a t e d  by v a r i a t i o n s  i n  t h e  v e r t i c a l  
p o s i t i o n  o f  a  r a y  w i t h  r e s p e c t  t o  t h e  i n i t i a l  c o n d i t i o n s .  
w h e r e  
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We w r i t e  f p N  f r o m  (2 .4 .7 )  as  
* 
The i n i t i a l  c o n d i t i o n s  f o r  f e N  H  = Ht a r e  ( f r o m  ( 2 . 4 . 1 2 ) )  
w h e r e  
We c h o o s e  
s o  t h a t  p a i r s  o f  r a y s  h a v e  an i n i t i a l  s e p a r a t i o n  o f  h. Now 
d e f i n e  t h e  f o l l o w i n g  2N x 2N m a t r i c e s :  
F o r  e x a m p l e ,  when N=2:  
h  -1 h  N o t e  t h a t  (' ) = K  . We now d e f i n e  t h e  new v a r i a b l e s :  
- 
- - 
U s i n g  ( 2 . 6 . 8 )  i n  ( 2 .6 .9 )  we h a v e :  
We d e f i n e  
As h+O, Ai w i l l  become t h e  a p p r o x i m a t e  a r e a  o f  t h e  r a y t u b e  
b o u n d e d  by r a y s  2 i  a n d  2 i - 1 .  See t h e  c o m m e n t s  a f t e r  ( 2 . 5 . 2 1 ) .  
F r o m  ( 2 . 6 . 5 ) ,  ( 2 . 6 . 7 ) ,  ( 2 . 6 . 1 2 )  t h e  i n i t i a l  c o n d i t i o n s  f o r  
Ai a n d  Bi a r e  
The  c h a i n  r u l e  g i v e s  ( f r o m  ( 2 . 6 . 9 ) )  
w h e r e  
U s i n g  ( 2 . 6 . 1 4 )  i n  (2 .6 .1 )  
We w o u l d  l i k e  t o  t a k e  t h e  l i m i t  as  h+O i n  ( 2 .6 .15 ) .  F i r s t ,  
we n e e d  t o  c o m p u t e  l i m  D. U s i n g  (2 .6 .8 )  i n  ( 2 . 6 . 1 6 )  we f i n d  
h+O 
w h e r e  
a n d  we h a v e  u s e d  g i j z g j i  ( s i n c e  g ( z )  i s  an e v e n  f u n c t i o n ) .  
We d e f i n e :  
F r o m  (2 .6 .10 )  - (2 .6 .12 ) ,  (2 .6 .19)  
T h e r e f o r e  ( u s i n g  ( 2 . 6 . 9 ) )  
We u s e  ( 2 . 6 . 2 1 )  t o  e v a l u a t e  g i j  = g ( y i - ~ j )  i n  t h e  - X ,  - A 
v a r i a b l e s .  We f i n d :  
gZiJj = g (X i  - X j  + h A j - h Ai) 
g 2 i  , 2 j - 1  = g (X i  - X j  - h Ai)  
g 2 i  - 1 , 2 j  = g (X i  - X j  + h  A . )  J 
g 2 i  - 1 , ~ j - 1  = g (X i  - X j )  
We d e f i n e  
a n d  u s e  ( 2 . 6 . 1 8 ) ,  ( 2 . 6 . 2 2 )  t o  f i n d  
U s i n g  ( 2 . 6 . 2 0 ) ,  ( 2 . 6 . 2 3 ) ,  ( 2 . 6 .24 )  i n  ( 2 .6 .15 )  we o b t a i n  
We r e c o g n i z e  ( 2 . 6 . 2 5 )  a s  b e i n g  t h e  same a s  r/ ( 2 . 3 . 2 3 ) .  The 
i n i t i a l  c o n d i t i o n s  f o r  ( 2 . 6 . 2 5 )  come f r o m  ( 2 . 6 . 5 ) ,  ( 2 . 6 . 1 3 ) ,  
( 2 . 6 . 1 9 ) :  
a n d  a r e  t h e  same as  ( 2 . 4 . 3 ) .  
- 6 8 -  
3 . 1  g ( z ) :  D e f i n i t i o n ,  A s s u m p t i o n s ,  R e p r e s e n t a t i o n s  
I n  ( 2 . 3 . 2 1 )  we d e f i n e d  
w h e r e  ( s e e  ( 2 . 3 . 1 6 ) ,  ( 2 . 3 . 1 7 ) )  
We h a v e  a s s u m e d  t h a t  ( s e e  ( 2 . 3 . 2 2 ) ,  ( 2 . 3 . 2 0 ) ) :  
g ( z )  i s  t w i c e  d i f f e r e n t i a b l e  ( 3 . 1 . 4 )  
We now g i v e  t w o  a l t e r n a t i v e  r e p r e s e n t a t i o n s  f o r  g ( z ) .  We 
c a n  w r i t e  ( 3 . 1 . 1 )  f o r  B ( r )  t o  f i n d  
We c a n  f i n d  a  t h i r d  f o r m u l a  f o r  g ( z )  b y  t a k i n g  F o u r i e r  
T r a n s f o r m s .  F i r s t  w r i t e  (3 .1 .1 )  a s  
s i n c e  R i s  an  e v e n  f u n c t i o n .  Then d e f i n e  t h e  F o u r i e r  T r a n s f o r m  
p a i r :  
now u s e  ( 3 . 1 . 7 )  i n  ( 3 . 1 . 6 )  f o r  
I f  we u s e  y = r  c o s  e ,  z  = r s i n  e f o r  Ocecm, O c e c ? ~ ,  t h e n  (3 .1 .8 )  
w i t h  wl=O becomes 
w h e r e  we h a v e  u s e d  ( ( 1 4 ) ,  9.1.18a).  So S ( w )  i s  t h e  H a n k e l  p o w e r  
s p e c t r u m  o f  B ( r ) .  
3.2 g ( z ) :  P r o p e r t i e s  
S i n c e  S(w)>O ( b e i n g  t h e  p o w e r  s p e c t r u m  o f  a  c o r r e l a t i o n  
f u n c t i o n ) ,  w 2 s ( w ) > 0 .  T h e r e f o r e ,  f r o m  (3 .1 .9 ) ,  g ( z )  has  a l l  t h e  
p r o p e r t i e s  o f  a  c o r r e l a t i o n  f u n c t i o n .  T h i s  g i v e s  u s  t w o  
i m m e d i a t e  f a c t s :  
- 7 0 -  
1) t h e  m a t r i x  g i j =  g ( X i - X . )  i s  n o n - n e g a t i v e  d e f i n i t e  J ( 3 .2 .1 )  
2 )  g ( 0 )  > g ( m )  (3 .2 .2 )  
E q u a t i o n  ( 3 . 2 . 2 )  c a n  be s t r e n g t h e n e d  t o  
g ( 0 )  > g ( m )  f o r  m * O  (3 .2 .3 )  
b e c a u s e  if g ( O ) = g ( m )  a n d  m10 t h e n  S ( w )  m u s t  be a  sum o f  d e l t a  
f u n c t i o n s ,  w h i c h  v i o l a t e s  t h e  m i x i n g  c o n d i t i o n .  
F rom (4 .2 .1 )  we c a n  c l a s s i f y  fNP=Pt a s  d e g e n e r a t e  
p a r a b o l i c .  I t  i s  d e g e n e r a t e  b e c a u s e  t h e  p r i n c i p a l  p a r t  o f  rN h a s  
( a t  l e a s t )  N  z e r o  e i g e n v a l u e s .  F rom (3 .2 .2 )  we c a n  c l a s s i f y  t h e  
t w o  p o i n t  e n e r g y  c o r r e l a t i o n  e q u a t i o n  ( w h i c h  we d e r i v e  i n  s e c t i o n  
4 . 4 )  as  a l s o  b e i n g  d e g e n e r a t e  p a r a b o l i c  ( s e e  ( 4 . 4 . 2 0 ) ) .  
F r o m  (3 .1 .9 )  we c a n  c o m p u t e  
S i n c e  g ( z )  i s  an  e v e n  f u n c t i o n  o f  z, (3 .2 .4 )  becomes 
F o r  u s e  i n  t h e  o t h e r  c h a p t e r s  we d e f i n e  
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F rom ( 3 . 1 . 1 ) ,  ( 3 . 1 . 2 ) ,  (3 .1 .9 )  and  (3 .2 .6 )  we f i n d  
F o r  c o m p a r i s o n  w i t h  ( 6 ) ,  t h e y  d e f i n e d  
R e c a l l  t h a t  we u s e  y 2  t o  s c a l e  t o  u n i v e r s a l  t i m e  ( s e e  ( 1 . 2 . 2 ) ) .  
I f  we d e f i n e  f ( z ) = 2 ( g o - g ( z ) )  t h e n  t h e  e x p a n s i o n  o f  f ( z )  
a b o u t  z=O i s :  
3.3 g ( z ) :  E x a m p l e s  
F o r  a l l  o f  t h e  e x a m p l e s  o f  g ( z )  t h a t  we g i v e ,  e q u a t i o n s  
( 3 1 . 3 )  (3 .1 .4 )  h a v e  been  v e r i f i e d .  
O u r  f i r s t  e x a m p l e  i s  f o r  a  v e l o c i t y  c o r r e l a t i o n  f u n c t i o n  o f  
t h e  f o r m :  
w i t h  M f i n i t e .  F o r  ( 3 .3 .1 )  t o  be a  l e g i t i m a t e  c o r r e l a t i o n  
f u n c t i o n ,  t h e  p o w e r  s p e c t r a l  d e n s i t y  m u s t  be n o n - n e g a t i v e .  U s i n g  
( 3 . 1 . 1 0 )  t h i s  c o n d i t i o n  becomes ( u s i n g  ( 1 5 )  6 .631 .1  a n d  ( 1 9 )  
13.1.32,  13 .6 .9 )  
f o r  a l l  p o s i t i v e  X ,  w h e r e  L N ( X )  i s  t h e  N t h  L a g u e r r e  p o l y n o m i a l .  
I f  ( 3 . 3 . 2 )  h o l d s  t h e n  t h e  g ( z )  f u n c t i o n  c o r r e s p o n d i n g  t o  ( 3 .3 .1 )  
i s  
F o r  i l l u s t r a t i o n s  o f  (3 .3 .1 ) ,  ( 3 . 3 .3 ) ,  c o n s i d e r :  
f o r  w h i c h  
A n o t h e r  c h o i c e  o f  B ( r )  m i g h t  be 
w h e r e  K, i s  t h e  m o d i f i e d  B e s s e l  f u n c t i o n  o f  o r d e r  u. A 
c o r r e l a t i o n  f u n c t i o n  o f  t h e  f o r m  ( 3 . 3 . 6 )  was u s e d  by Von Karman 
t o  f i t  t u r b u l e n c e  m e a s u r e m e n t s .  U s i n g  ( 3 . 1 . 1 )  we f i n d  ( u s i n g  
( 1 5 )  6.592.4,  9 .311.6,  9 .34 .3 )  
w h e r e  a = v +  
a n d  we r e q u i r e  u > 1 / 2 .  
A n o t h e r  way t o  c o n s t r u c t  e x a m p l e s  f o r  g ( z )  i s  t o  c h o o s e  a  
n o n - n e g a t i v e  p o w e r  s p e c t r u m  a n d  t h e n  u s e  (3 .1 .9 ) .  I f  we t a k e  
w i t h  N a  n o n - n e g a t i v e  e v e n  i n t e g e r ,  t h e n  we f i n d  ( u s i n g  ( 1 5 )  p. 
121 ,  # 2 3 )  
w h e r e  H, i s  t h e  m t h  H e r m i t e  p o l y n o m i a l .  F o r  N=O, N=2 we f i n d  
f r o m  ( 3 . 3 . 1 0 ) :  
We o b s e r v e  t h a t  g 2 ( z )  h a s  t h e  same f o r m  a s  g 6 ( z ) .  T h i s  i s  
b e c a u s e  t h e  H a n k e l  t r a n s f o r m  o f  a  g a u s s i a n  i s  a n o t h e r  g a u s s i a n  
( s o  t h e  s p e c t r u m  o f  B 2 ( r )  h a s  t h e  same f o r m  a s  S 5 ( w ) ,  f o r  N=O) 
I n  F i g u r e s  3.1-3.4 we h a v e  g r a p h s  o f :  g 2 ( z )  ( w i t h  a = l ) ,  
g 3 ( z ) ,  g 4 ( z )  ( w i t h  u = 2 / 3  a n d  a = l )  a n d  g 7 ( z )  ( w i t h  y= .85 ) .  
3.4 F i n a l  V e r i f i c a t i o n  O f  P a p a n i c o l a o u  a n d  K o h l e r  R e q u i r e m e n t s  
F o r  2 ,  
L 
We c a n  now f i n i s h  v e r i f y i n g  t h e  r e m a i n i n g  r e q u i r e m e n t s  f o r  
t h e  P a p a n i c o l a o u  a n d  K o h l e r  t h e o r e m ,  f o r  r2. A t  t h e  e n d  o f  
s e c t i o n  2.3 i s  a  l i s t  o f  t h e  r e m a i n i n g  r e q u i r e m e n t s :  ( 2 . 3 . 2 2 ) ,  
( 2 . 1 .21 )  - ( 2 . 1 . 2 4 ) ,  (2 .1 .29) .  
E q u a t i o n  ( 2 . 3 . 2 2 )  s a y s  t h a t  R a n d  i t s  d e r i v a t i v e s  m u s t  be 
p r o p e r l y  bounded .  T h i s  was v e r i f i e d  f o r  a l l  t h e  e x a m p l e s  i n  
s e c t i o n  3.3. E q u a t i o n  (2 .1 .21)  r e q u i r e s  t h e  p r i n c i p a l  p a r t  
o f  f 2  t o  be n o n - n e g a t i v e  d e f i n i t e ;  t h i s  i s  a s s u r e d  by  ( 3 - 2 . 1 ) .  
E q u a t i o n  (2 .1 .22)  r e q u i r e s  t h e  p r i n c i p a l  p a r t  o f  f 2  t o  h a v e  
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a  s y m m e t r i c  s q u a r e  r o o t  we f i n d  ( s e e  ( 2 . 4 . 1 0 ) ) :  
f o r  
w h e r e  
B t D  B - D  
N o t e  t h a t  ( 3 .4 .1 )  was u s e d  i n  ( 2 . 5 . 1 1 ) ,  ( 2 . 5 . 1 2 ) ,  t o  w r i t e  
t h e  I t o  e q u a t i o n s  c o r r e s p o n d i n g  t o  r 2 ' 
The r e m a i n i n g  c o n d i t i o n s  t o  be v e r i f i e d  c a n  be c o m b i n e d  i n  
t h e  s t a t e m e n t :  
u i s  b o u n d e d  a n d  has  bounded ,  c o n t i n u o u s  
d e r i v a t i v e s  up  t o  o r d e r  4. f 
The e x a m p l e s  we g a v e  i n  s e c t i o n  3.3 a r e  f o r  g ( z )  f u n c t i o n s  
t h a t  a r e  bounded ,  a n d  h a v e  4  bounded ,  c o n t i n u o u s  d e r i v a t i v e s .  
F rom (3 .2 .3 )  we h a v e  g O > g ( n )  f o r  q f O .  Hence  e v e r y  e l e m e n t  
i n  - a i s  b o u n d e d  by 2g0. L i k e w i s e  we s e e  B>O a n d  t h a t  B a n d  D a r e  
- 
bounded .  The o n l y  p l a c e  t h e n  t h a t  - u c o u l d  be d i s c o n t i n u o u s  o r  
- 
h a v e  an  u n b o u n d e d  d e r i v a t i v e  i s  w h e r e  D=O, o r  ( e q u i v a l e n t l y )  
w h e r e  v=O. 
A r o u n d  z=O, g ( z )  has  t h e  e x p a n s i o n  ( s e e  ( 3 . 2 . 6 ) ) :  
U s i n g  (3 .4 .3 )  we c a n  c o m p u t e  D a s :  
F rom (3 .4 .4 )  we see  t h a t  D has  4  bounded,  c o n t i n u o u s  
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4.1 T r a n s f o r m a t i o n  To P h y s i c a l  C o o r d i n a t e s  
F o r  t h i s  e n t i r e  c h a p t e r  we r e s t r i c t  o u r s e l v e s  t o  t w o  
d i m e n s i o n s .  C o n s i d e r  a  c o n t i n u u m  o f  r a y s  l e a v i n g  t h e  i n i t i a l  
w a v e f r o n t .  L e t  X ( t , a )  ( X 2 ( t , a ) )  be t h e  s c a l e d  v e r t i c a l  
( h o r i z o n t a l )  p o s i t i o n  o f  a  r a y .  F rom ( 1 . 2 . 1 8 ) ,  ( 1 . 4 . 9 ) :  
We w i  11 a p p r o x i m a t e  (4 .1 .1 )  by 
We h a v e  shown i n  s e c t i o n  2.6 t h a t  ( 4 . 1 . 2 )  i s  a  g o o d  
A 
a p p r o x i m a t i o n  i n  t h e  s e n s e  t h a t  f N  c a n  be r e c o v e r e d  f r o m  
£ 2 ~  and  ( 4 . 1 . 2 ) .  
Now we w r i t e  t h e  o b v i o u s  i d e n t i t y  
I f  we t a k e  K ( A )  = f ( A ) ( A I  and  u s e  (4 .1 .2 )  i n  (4 .1 .3 )  we f i n d :  
C f ( A ( t , a i  1 )  
{ a j  I 
X ( t , a i  ) = X o }  
B e c a u s e  we a r e  t r a c k i n g  r a y s  i n  a  r andom med ium,  m o r e  t h a n  
one  r a y  may a r r i v e  a t  t h e  same p o i n t  i n  p h y s i c a l  s p a c e .  I f  we 
w i s h  t o  sum a f u n c t i o n  o f  r a y t u b e  a r e a  o v e r  a l l  t h e  r a y s  t h a t  
a r r i v e  a t  a  f i x e d  p o i n t  i n  p h y s i c a l  s p a c e  t h e n  (4 .1 .4 )  t e l l s  u s  
how. 
We c a n  g e n e r a l i z e  ( 4 . 1 . 4 )  t o  a c c o u n t  f o r  N f i x e d  p o i n t s  i n  
p h y s i c a l  s p a c e .  We h a v e :  
4.2 E x p e c t a t i o n s  T a k e n  i n  P h y s i c a l  C o o r d i n a t e s  
I n  t h i s  s e c t i o n  we r e l a t e  s t a t i s t i c s  t a k e n  r a y  w i s e  a n d  
s t a t i s t i c s  t a k e n  i n  p h y s i c a l  space .  We w o r k  o u t  t h e  c a s e  o f  one  
r a y  i n  d e t a i l .  
L e t  - X O  be a  f i x e d  p o i n t  i n  p h y s i c a l  s p a c e  w i t h  c o o r d i n a t e s  
( t / ~ ' / ~ ,  X o ) .  We d e f i n e  t h e  e x p e c t a t i o n  o f  a  f u n c t i o n  o f  r a y t u b e  
a r e a  i n  p h y s i c a l  s p a c e  by :  
X ( t , a i  ) = X o }  
The  s u m m a t i o n  i n  ( 4 .2 .1 )  i s  o v e r  a l l  t h o s e  r a y s  t h a t  a r r i v e  a t  
t h e  f i x e d  p o i n t  - xO. We u s e  (4 .1.4)  i n  t h e  l a s t  e x p r e s s i o n  f o r  
F o r  one r a y ,  r a y t u b e  a r e a  a n d  r a y  p o s i t i o n  a r e  i n d e p e n d e n t  
r a n d o m  v a r i a b l e s ,  see  (2.5.26). T h e r e f o r e ,  t h e  e x p e c t a t i o n  o f  
t h e  p r o d u c t  i n  (4 .2 .2 )  i s  t h e  p r o d u c t  o f  t h e  e x p e c t a t i o n s :  
I f  t h e  wave s t a r t e d  w i t h  a  p l a n a r  i n i t i a l  w a v e f r o n t  t h e n  
E [ I A ( t , a ) l f ( A ( t , a ) ) J  i s  i n d e p e n d e n t  o f  a, and  c a n  be r e m o v e d  f r o m  
u n d e r  t h e  i n t e g r a l  i n  ( 4 .2 .3 ) .  T h i s  y i e l d s  
To  c o m p u t e  t h e  s e c o n d  e x p e c t a t i o n  i n  t h e  r i g h t  h a n d  s i d e  o f  
(4 .2 .4 )  we n e e d  t o  m u l t i p l y  by t h e  p r o b a b i l i t y  d e n s i t y  o f  X ( t , a )  
a n d  i n t e g r a t e  o v e r  a l l  p o s s i b l e  v a l v e s  f o r  X. We do  n o t  know t h e  
p r o b a b i l i t y  d e n s i t y  o f  X ( t , a )  a l o n e ,  b u t  we do know an e q u a t i o n  
f o r  t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  o f  X ( t , a )  a n d  V ( t , a ) ;  i t  i s  
* 
d e s c r i b e d  by a f l  . 
The j o i n t  p r o b a b i l i t y  d e n s i t y  i s  g i v e n  by P ( t , X , V ; a )  w h e r e  
E q u a t i o n  (4 .2 .5 )  can  be s o l v e d  by w r i t i n g  t h e  I t o  e q u a t i o n s  
f o r  ( 4 . 2 . 5 )  : 
dX = V d t  
We s o l v e  ( 4 . 2 . 6 )  as  
S i n c e  V a n d  X a r e  i n t e g r a l s  o f  t h e  W i e n e r  p r o c e s s ,  we e x p e c t  
t h e m  t o  h a v e  g a u s s i a n  d i s t r i b u t i o n s .  We c a l c u l a t e ,  f r o m  ( 4 . 2 . 7 ) :  
w h e r e  we h a v e  u s e d  E [ ~ ( s ) f i ( u ) ] = G ( s - u )  a n d  E [ f i ( s ) ] = O .  K n o w i n g  t h e  
means a n d  c o v a r i a n c e s  o f  a  j o i n t  g a u s s i a n  p r o c e s s  a l l o w s  u s  t o  
w r i t e  t h e  p r o b a b i l i t y  d e n s i t y  a s :  
1 x - a  T  c - l (X ;a ) j  P ( t , X , V ; a )  = e x p { - p (  v - (4 .2 .9 )  
- 
w h e r e  - C i s  t h e  c o v a r i a n c e  m a t r i x .  U s i n g  (4 .2 .8 )  we f i n d  t h e  
- 
s o l u t i o n ;  
Now we c a n  e v a l u a t e  
The t h i r d  e q u a l i t y  f o l l o w s  f r o m  t h e  s y m m e t r y  o f  ( 4 . 2 . 1 0 )  i n  
t h e  a,X v a r i a b l e s .  The f o u r t h  e q u a l i t y  comes f r o m  t h e  f a c t  t h a t  
P ( t , X , V ; a )  i s  a p r o b a b i l i t y  d e n s i t y ,  s o  i t  m u s t  i n t e g r a t e  t o  one. 
U s i n g  (4 .2 .11)  i n  (4 .2 .4)  we f i n d  
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when t h e  i n i t i a l  w a v e f r o n t  i s  p l a n a r .  The e x p e c t a t i o n  on t h e  
r i g h t  ( l e f t )  h a n d  s i d e  o f  ( 4 . 2 . 1 2 )  i s  t h e  e x p e c t a t i o n  t a k e n  
r a y w i s e  ( i n  p h y s i c a l  s p a c e ) .  
We v i e w  t h e  I A ( t , a ) l  i n  ( 4 . 2 . 1 2 )  as  t h e  J a c o b i a n  o f  t h e  
m a p p i n g  f r o m  a - s p a c e  t o  X -space .  T h a t  i s ,  i t  r e l a t e s  t h e  
s t a t i s t i c s  a l o n g  t h e  i n i t i a l  w a v e f r o n t  t o  t h e  s t a t i s t i c s  a l o n g  
t h e  d e f o r m e d  w a v e f r o n t  i n  p h y s i c a l  space .  
E q u a t i o n  ( 4 .2 .12 )  and  i t s  d e r i v a t i o n  a r e  e s s e n t i a l l y  t h e  
same a s  i n  ( 6 ) .  Now we g e n e r a l i z e  ( 4 .2 .1 )  t o  a c c o u n t  f o r  N  f i x e d  
p o i n t s  i n  p h y s i c a l  space .  We d e f i n e  
U s i n g  (4 .1 .5 )  i n  (4 .2 .13)  we f i n d  
To e v a l u a t e  t h e  e x p e c t a t i o n  on t h e  r i g h t  h a n d  s i d e  o f  
( 4 . 2 .14 )  we n e e d  t o  m u l t i p l y  by t h e  j o i n t  d e n s i t y  o f  { X ( t , a j ) ,  
A ( t , a j ) }  a n d  i n t e g r a t e  o v e r  a l l  p o s s i b l e  v a l u e s .  We d o  n o t  know 
t h e  j o i n t  d e n s i t y  o f  { X ( t , a j ) ,  A ( t , a j ) } ,  a l o n e  b u t  we d o  know  an 
e q u a t i o n  f o r  t h e  j o i n t  d e n s i t y  o f  { x ( t , a j ) ,  A ( t , a j ) ,  V ( t , a j ) ,  
-85- 
A 
B ( t , a j ) }  - i t  i s  d e s c r i b e d  by fN.  
So we e v a l u a t e  (4 .2 .14)  a s  
w h e r e  
We c a n  c a r r y  o u t  t h e  - a i n t e g r a t i o n  i n  ( 4 . 2 . 1 5 )  f o r  
w h e r e  
4.3 N - P o i  n t  E n e r g y  C o r r e l a t i o n s  
I n  t h i s  s e c t i o n  we d e r i v e  e q u a t i o n s  t h a t  d e s c r i b e  t h e  
N - p o i n t  e n e r g y  c o r r e l a t i o n  f u n c t i o n .  
R e c a l l  E ( t , a )  was d e f i n e d  t o  be t h e  e n e r g y  a s s o c i a t e d  w i t h  
t h e  r a y  X ( t , a )  ( s e e  s e c t i o n  1 .3 ) .  E q u a t i o n  (1 .3 .12 )  w i t h  ( 1 .4 .1 )  
g i v e s  
We d e f i n e  E ( o , a ) = l ,  so  t h e  i n i t i a l  w a v e f r o n t  h a s  a  u n i f o r m  
e n e r g y  d e n s i t y .  We d i s c a r d  t h e  O(U)  t e r m  i n  (4 .3 .1)  a n d  do  n o t  
i n v e s t i g a t e  t h e  e f f e c t s  o f  t h i s  e r r o r .  We now h a v e :  
We d e f i n e  t h e  N p o i n t  e n e r g y  c o r r e l a t i o n  f u n c t i o n ,  a t  an  
u p s t r e a m  d i s t a n c e  o f  t o - ' I 3 ,  and  a t  t h e  p o i n t s  {zl, ..., Z N }  t o  be 
Now ( 4 . 3 . 3 )  i s  o f  t h e  f o r m  (4 .1 .5 )  w i t h  
s o  we h a v e  ( u s i n g  (4 .1 .5 )  
To e v a l u a t e  t h e  e x p e c t a t i o n  i n  (4 .3 .3 )  we m u l t i p l y  by t h e  
p r o b a b i l i t y  d e n s i t y  o f  { X ( t  , a j ) ,  V ( t , a j ) }  a n d  i n t e g r a t e  o v e r  a l l  
p o s s i b l e  v a l v e s .  The f o r w a r d  K o l m o g o r o v  e q u a t i o n  f o r  f N  g i v e s  
t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  o f  { X ( t , a j ) ,  V ( t , a j ) } .  We h a v e :  
w h e r e  
We c a n  c a r r y  o u t  t h e  - a i n t e g r a t i o n  i n  ( 4 . 3 . 6 ) ,  ( 4 . 3 . 7 )  f o r  
E q u a t i o n  (4 .3 .8 )  i s  t h e  m a i n  r e s u l t  o f  t h i s  s e c t i o n .  
I f  we u s e  f ( A ) = l / I A I  i n  ( 4 .2 .12 )  t h e n  we f i n d  ( u s i n g  
( 4 . 3 . 2 ) ) :  
E q u a t i o n  (4 .3 .9 )  s a y s  t h a t  e n e r g y  i s  c o n s e r v e d .  We u s e d  
(4 .3 .9 )  as a  p a r t i a l  c h e c k  on o u r  c o m p u t e r  r o u t i n e s  when we 
s i m u l a t e d  t h e  m o t i o n  o f  r a y s  i n  a  random medium. 
I f  we u s e  f ( A )  = 1 1 ~ ~  i n  (4 .2 .12)  t h e n  we f i n d  ( u s i n g  
( 4 . 3 . 2 ) ) :  
The l a s t  q u a n t i t y  i n  ( 4 .3 .10 )  i s  i n f i n i t e ,  b e c a u s e  t h e  
p r o b a b i l i t y  d e n s i t y  t o  f i r s t  f o c u s ,  V(T), i s  p o s i t i v e  f o r  T > O  
( s e e  ( 1 . 2 . 1 ) ) .  Hence ,  t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  f u n c t i o n  
i s  i n f i n i t e  a t  t h e  o r i g i n .  We w i l l  d i s c u s s  t h i s  f a c t  i n  m o r e  
d e t a i l  l a t e r .  
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4.4 N - P o i n t  E n e r g y  C o r r e l a t i o n s ,  P l a n e  I n i t i a l  W a v e f r o n t  
F o r  a  p l a n e  i n i t i a l  w a v e f r o n t  we c a n  r e m o v e  t h e  " c e n t e r  o f  
m a s s "  o f  t h e  N  r a y s  f r o m  ( 4 . 3 . 8 ) .  F o r  h=O we w r i t e  ( 4 . 3 . 8 )  a s  
w h e r e  
a n d  - X y  V a r e  v e c t o r s  w i t h  N  c o m p o n e n t s .  
We d e f i n e  t h e  new v a r i a b l e s  
w h e r e  
1 i = j ,  i = N  
Ti.= ( -1 i + l = j  
0 o t h e r w i s e  
F o r  e x a m p l e ,  f o r  N=4, - T i s  
- 
1 -1 0 
T  = 
- 
- 
We a l s o  d e f i n e  
We u s e  ( 4 . 4 . 5 ) ,  ( 4 . 4 . 7 )  i n  ( 4 . 4 . 1 ) ,  ( 4 . 4 . 2 )  t o  f i n d  ( s e e  
( 2 . 6 . 1 4 ) )  
Now a s s u m e  j>i  t o  w r i t e  
F r o m  (4 .4 .10 )  ( a n d  g i j = g j i )  we c o n c l u d e  t h a t  gi j, when 
w r i t t e n  i n  t h e  ' M I  v a r i a b l e s ,  does  n o t  d e p e n d  on MN. The  
v a r i a b l e  MN r e p r e s e n t s  t h e  " c e n t e r  o f  m a s s "  o f  t h e  N  r a y s .  
We w i l l  r emove  MN,  W N  f r o m  ( 4 . 4 . 8 ) ,  ( 4 . 4 . 9 ) .  F i r s t  d e f i n e  
a n d  w r i t e  ( 4 .4 .8 )  as  
Now c o n s i d e r  t h e  new e q u a t i o n :  
If (4 .4 .13)  h a s  a  s o l u t i o n ,  t h e n  t h a t  s o l u t i o n  s a t i s f i e s  
( 4 . 4 . 1 2 ) .  I f  t h e  s o l u t i o n  t o  ( 4 .4 .12 )  i s  u n i q u e ,  t h e n  t h e  
s o l u t i o n  t o  ( 4 .4 .13 )  i s  t h e  u n i q u e  s o l u t i o n  t o  ( 4 .4 .12 ) .  We 
assume t h e  r e q u i r e d  e x i s t e n c e  a n d  u n i q u e n e s s  s o  we c a n  w r i t e  ( s e e  
( 4 . 4 . 9 ) ) :  
We w i l l  v e r y  o f t e n  u s e  t h i s  t y p e  o f  u n i q u e n e s s  a n d  e x i s t e n c e  
a r g u m e n t .  
Now we d e f i n e :  
u ( t ,M* ,M f )=J  d j J ~  Q( t , f ,w)  
I f  we assume t h a t  
f o r  j = 1 , 2  ,..., N, t h e n  we c a n  i n t e g r a t e  t h e  s y s t e m  ( 4 . 4 . 1 3 ) ,  
( 4 . 4 . 1 4 )  w i t h  r e s p e c t  t o  W N  t o  o b t a i n :  
The e q u a t i o n s  i n  (4 .4 .17)  a r e  t h e  f i n a l  f o r m  f o r  t h e  N p o i n t  
c o r r e l a t i o n  f u n c t i o n .  
We e x p a n d  (3 .4 .17 )  f o r  N=2 t o  f i n d  
To s i m p l i f y  n o t a t i o n  we d e f i n e  
s o  t h a t  ( 4 . 4 . 1 8 )  becomes:  
U t  = f ( M )  U W W  - W UM 
The s y s t e m  i n  (4 .4 .20)  i s  t h e  b a s i s  f o r  t h e  r e s t  o f  t h i s  
c h a p t e r .  I n  c h a p t e r  7  we s o l v e  (4 .4 .20 )  n u m e r i c a l l y .  B e c a u s e  
t h e  v a r i a b l e  ' t i  i n  ( 4 .4 .20 )  l o o k s  so  much l i k e  a  ' t i m e ' ,  we w i l l  
r e f e r  t o  ' t '  as  b o t h  ' t i m e '  a n d  ' d i s t a n c e ' .  
N o t e  t h a t  R 2  ( i n  ( 4 . 4 . 2 0 ) )  o n l y  d e p e n d s  on  { t , M } .  The  
v a r i a b l e  M (=M1=Xl-X2) i s  t h e  d i s t a n c e  b e t w e e n  t h e  t w o  p o i n t s  a t  
w h i c h  t h e  e n e r g y  i s  b e i n g  r e c e i v e d .  T h i s  a g r e e s  w i t h  o u r  
i n t u i t i o n :  i n  an i s o t r o p i c  a n d  homogeneous  random med ium i t  i s  
o n l y  t h e  r e l a t i v e  p o s i t i o n  o f  t h e  o b s e r v i n g  p o i n t s  t h a t  i s  
i m p o r t a n t .  The " c e n t e r  o f  mass "  o f  t h e  t w o  r a y s  s h o u l d  n o t  
a f f e c t  t h e  c o r r e l a t i o n  f u n c t i o n .  
F o r  N=3, (4 .4 .17)  becomes ( w i t h  ( 4 . 4 . 1 9 ) ) :  
R3(t,M1,M2)=JdW1JdW2 U(t,M1,M2,W1,W2) 
(4 .4 .21)  
F o r  N=4, ( 4 . 4 . 1 7 )  becomes ( w i t h  ( 4 . 4 . 1 9 ) ) :  
4.5 S h o r t  D i s t a n c e  A p p r o x i m a t i o n  To  The  Two P o i n t  E n e r g y  
C o r r e l a t i o n  F u n c t i o n :  P a r a m e t r i  x  M e t h o d  
I n  t h i s  s e c t i o n  we f i n d  t h e  s h o r t  d i s t a n c e  a p p r o x i m a t i o n  t o  
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( 4 . 4 . 2 0 )  u s i n g  t h e  p a r a m e t r i x  m e t h o d .  We c o p y  ( 4 . 4 . 2 0 )  a s  
We w r i t e  ( 4 . 5 . 1 )  a s  
The s y s t e m s  i n  ( 4 . 5 . 1 )  and  ( 4 . 5 . 2 ) ,  ( 4 . 5 . 3 )  a r e  e x a c t l y  
e q u i v a l e n t .  
The I t o  e q u a t i o n s  c o r r e s p o n d i n g  t o  ( 4 .5 .2 )  a r e  
I n  a  s h o r t  t i m e ,  we do n o t  e x p e c t  W t o  v a r y  much f r o m  i t s  
i n i t i a l  v a l u e  s i n c e  ( s e e  ( 4 . 5 . 5 ) )  f ( M )  i s  b o u n d e d  a n d  E[s]=O. So 
W w i l l  be " c l o s e "  t o  z e r o  f o r  s h o r t  t i m e s .  If I W I < < l  t h e n  we 
e x p e c t  M t o  r e m a i n  c l o s e  t o  i t s  i n i t i a l  v a l u e  f o r  s h o r t  t i m e s  
( f r o m  (4 .5 .4 ) ) .  We c o n c l u d e  t h a t  M w i l l  be " c l o s e "  t o  a f o r  
s h o r t  t i m e s .  
Ou r  a p p r o x i m a t i o n  t h e n  i s  t o  a p p r o x i m a t e  f ( M )  i n  ( 4 .5 .5 )  by 
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f ( a ) .  T h i s  i s  e q u i v a l e n t  t o  a p p r o x i m a t i n g  f ( M )  by f ( a )  i n  
( 4 . 5 . 2 ) .  F o r  s h o r t  t i m e s ,  o u r  a p p r o x i m a t i o n  i s  t o  u s e  t h e  
s o l u t i o n  o f  
i n  ( 4 . 5 . 3 ) .  T h i s  a p p r o x i m a t i o n  i s  r e a l l y  t h e  f i r s t  s t e p  o f  t h e  
p a r a m e t r i x  m e t h o d  ( s e e  ( 1 7 ) ) .  
We h a v e  s o l v e d  e q u a t i o n  ( 4 . 5 . 7 )  i n  s e c t i o n  4.2. We c o m p a r e  
(4 .5 .7 )  t o  ( 4 .2 .5 )  and  s o  t h e  s o l u t i o n  f r o m  (4 .2 .10)  becomes :  
( 4 .5 .8 )  
We u s e  ( 4 . 5 . 8 )  i n  ( 4 .5 .3 )  a n d  c a r r y  o u t  t h e  W i n t e g r a t i o n  
f o r :  
m 3  d  a 3 ( ~ - a ) ~  
R 2 ( t , M ) =  (3)1 r'fo e x p {  - ) ( 4 .5 .9 )  
4nt - m  4 t  3 f  ( a )  
We d e f i n e  x = 3 / 4 t 3 ,  c=W a n d  w r i t e  (4 .5 .9 )  a s  
I f  we f i x  M > O  a n d  t a k e  t << l  t h e n  X+- and  (4 .5 .10)  i s  e a s y  t o  
a p p r o x i m a t e  u s i n g  by L a p l a c e ' s  m e t h o d .  To c o m p u t e  s e v e r a l  t e r m s  
i t  i s  e a s i e r  t o  u s e  t h e o r e m  8.1 o f  O l v e r  ( 1 8 )  w i t h  h = l ,  p=2,  a=O, 
b=m. 
We w r i t e  ( 4 . 5 . 1 0 )  as  
w h e r e  h ( a )  = l / f ( a ) .  Now we c a n  a p p l y  O l v e r ' s  t h e o r e m  t o  e a c h  o f  
t h e  t w o  i n t e g r a l s  i n  ( 4 . 5 . 1 1 ) .  
S i n c e  g ( z )  i s  e v e n ,  f ( z )  i s  e v e n  ( s e e ( 4 . 4 . 1 9 ) ) .  We showed  
i n  c h a p t e r  3  t h a t  g O = g ( 0 )  > ( g ( z ) l  f o r  z i O  ( s e e  ( 3 . 2 . 3 ) ) .  Hence  
f ( z ) = O  o n l y  a t  z=O. T h e r e f o r e ,  t h e  p o i n t  o f  d o m i n a n t  
c o n t r i b u t i o n  t o  J 1  and  J 2  comes f r o m  t h e  r e g i o n  a b o u t  a=O. 
I f  we e x p a n d  
2  3  h ( M t a )  = h  t ahl + a h 2 +  O ( a  ) 0 ( 4 .5 .12 )  
we f i n d  a f t e r  some f a i r l y  r o u t i n e  c a l c u l a t i o n s  
I f  we e x p a n d  
4 f ( M + a ) =  f 0  + a f l + a 2 f 2 + 0 ( a )  (4 .5 .14)  
t h e n  (4 .5 .13 )  becomes 
U s i n g  ( 4 . 4 . 1 9 )  a n d  (4 .5 .14 )  we f i n d  t h a t  f 2 = - g " ( M ) ,  s o  ( 4 .5 .15 )  
becomes 
s u b s t i t u t i n g  f o r  C a n d  X i n  ( 4 . 5 . 1 6 )  we o b t a i n  o u r  f i n a l  r e s u l t :  
v a l i d  f o r  M f i x e d  a n d  g r e a t e r  t h a n  z e r o ,  and  t + O .  E q u a t i o n  
(4 .5 .17)  a g r e e s  w i t h  t h e  r e s u l t  o b t a i n e d  by r e g u l a r  p e r t u r b a t i o n  
t e c h n i q u e s ,  s e e  t h e  a p p e n d i x  ( A .  1 . 3 2 ) .  
I f  M=O i n  ( 4 .5 .10 )  t h e n  
s i n c e  f ( P I - 2 g 2 u 2  f o r  I p I  <<I. 
The f a c t  t h a t  we c a n  n o t  e v a l u a t e  R 2 ( t , M )  a t  M=O i s  n o t  
s u r p r i s i n g .  What R 2 ( t  , 0 )  e v a l u a t e s  i s  
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w h i c h  i s  g r e a t e r  t h a n  o r  e q u a l  t o  
b u t  ( 4 . 5 . 2 0 )  i s  i n f i n i t e ,  see  t h e  e n d  o f  s e c t i o n  4.3. 
Ou r  a p p l i c a t i o n  o f  O l v e r ' s  t h e o r e m  d o e s  n o t  w o r k  a t  M=O 
b e c a u s e  t h e  c o r r e c t  e x p a n s i o n  f o r  h ( a )  i s  now ( s e e  ( 4 . 5 . 1 2 ) ,  
( 3 . 2 . 9 ) ) :  
I n  s e c t i o n  4.7 we s t a r t  w i t h  e q u a t i o n  ( 4 .5 .10 )  a n d  
d e m o n s t r a t e  t h a t  R ~ ( ~ , M )  v a r i e s  as  l o g  M as  M + O ,  f o r  a l l  ( f i n i t e )  
4.6 S h o r t  D i s t a n c e  A p p r o x i m a t i o n  t o  The Two P o i n t  E n e r g y  
C o r r e l a t i o n  F u n c t i o n :  F o u r i e r  T r a n s f o r m  M e t h o d  
A n o t h e r  way o f  o b t a i n i n g  t h e  s h o r t  d i s t a n c e  a p p r o x i m a t i o n  t o  
( 4 . 4 . 2 0 ) ,  w h i c h  a l s o  t u r n s  o u t  t o  be e a s i e r  f o r  c o m p u t i n g  h i g h e r  
o r d e r  c o r r e c t i o n  t e r m s ,  i s  by F o u r i e r  T r a n s f o r m s .  
We d e f i n e  t h e  F o u r i e r  T r a n s f o r m s :  
From ( 4 . 4 . 2 0 ~ )  and  ( 4 . 6 . 1 )  we h a v e  
F rom ( 4 . 4 . 1 9 )  a n d  ( 4 . 6 . 1 )  
We t a k e  t h e  F o u r i e r  T r a n s f o r m  o f  ( 4 .4 .20a ,b )  t o  f i n d  
To o b t a i n  (4 .6 .4 )  we h a d  t o  assume 
I, I =o, U I =O, U w  =O (4 .6 .5 )  I M I = =  I W I = =  I I W I = ~  
U s i n g  (4 .6 .3 )  i n  (4 .6 .4 )  g i v e s  
Now we make t h e  c h a n g e  o f  d e p e n d e n t  v a r i a b l e  
i n  ( 4 . 6 . 6 ) ,  ( 4 .2 .6 )  t o  f i n d  
So we see  t h a t  c h a n g i n g  v a r i a b l e s  f r o m  V t o  4 has  r e m o v e d  t h e  
d e l t a  f u n c t i o n  f r o m  t h e  i n i t i a l  c o n d i t i o n s .  
The s y s t e m  ( 4 . 6 . 8 ) ,  ( 4 .6 .9 )  i s  s t i l l  e x a c t .  Now we l o o k  f o r  
a  s h o r t  d i s t a n c e  a p p r o x i m a t i o n .  We s u p p o s e  t h a t ,  f o r  s h o r t  
t i m e s ,  (p can  be e x p a n d e d  i n  a  T a y l o r  s e r i e s  i n  t :  
U s i n g  (4 .6 .10 )  i n  ( 4 .6 .8b )  g i v e s  
U s i n g  ( 4 . 6 . 1 0 )  a n d  ( 4 . 6 . 1 1 )  i n  ( 4 . 6 . 8 a )  a n d  t a k i n g  a T a y l o r  
s e r i e s  i n  t g i v e s  t h e  s e q u e n c e  o f  a l g e b r a i c  e q u a t i o n s :  
f o r  N>1  w h e r e  
If we d e f i n e  
t h e n  we f i n d  
2 2 *  3 4 2  4 A 
m 3 =  5 x s ( x )  + Y { 7 x [ 2 h 1 ( x ) - 5 g o g ( x ) ]  + 7 h 2 ( x ) }  + O ( Y  ) 
2 x  1 2  
+ 6 =  15 { J h 3 ( x )  + x h 2 ( x ) +  4 x  [ h l ( x ) -  ?j g  0  i ( x ) ] }  + O ( Y )  
( 4 . 6 . 1 6 )  
We u s e  ( 4 . 6 . 1 0 ) ,  ( 4 . 6 .11 ) ,  ( 4 . 6 .12 ) ,  ( 4 . 6 .16 )  i n  (4 .6 .9 )  t o  f i n d  
We r e c o g n i z e  t h e  f i r s t  t w o  t e r m s  i n  ( 4 . 6 . 1 7 )  a s  b e i n g  t h e  same a s  
( 4 . 5 . 1 7 ) .  
S i n c e  @ h a s  p o w e r s  o f  Y i n  i t s  s h o r t  d i s t a n c e  e x p a n s i o n ,  
t h e n  U ( s e e  (4 .6 .1 ) ,  ( 4 . 6 . 7 ) )  has  g e n e r a l i z e d  f u n c t i o n s  i n  t h e  
v a r i a b l e  W i n  i t s  s h o r t  d i s t a n c e  e x p a n s i o n .  When we f o r m  R 2  ( s e e  
( 4 . 4 . 2 0 ) )  t h e  g e n e r a l i z e d  f u n c t i o n s  a r e  i n t e g r a t e d  o u t ,  a n d  we 
o b t a i n  a  r e s u l t  c o n t a i n i n g  o n l y  o r d i n a r y  f u n c t i o n s .  
4.7 S i n g u l a r i t y  I n  The Two P o i n t  C o r r e l a t i o n  F u n c t i o n  
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7 2 g 2 t  
F i r s t  we show ( 4 . 7 . 1 )  t o  be v a l i d  f o r  s h o r t  t i m e s ,  t h e n  f o r  
a l l  ( f i n i t e )  t i m e .  
We s t a r t  w i t h  e q u a t i o n  ( 4 . 5 . 1 0 ) ,  v a l i d  f o r  s h o r t  t i m e s ,  
w h i c h  c a n  be p u t  i n  t h e  f o r m :  
w h e r e  X = 3 / 4 t 3 ,  C = & . We f i x  6, 0 < 6 < < 1 ,  a n d  w r i t e  ( 4 . 7 . 2 )  
The  s e c o n d  i n t e g r a l  i n  (4 .7 .3 )  i s  e a s y  t o  a p p r o x i m a t e  ( a n d  
b o u n d )  : 
w h e r e  
f L  = m i n  f ( a )  > 0 
l a 1 > 6  
The  f i r s t  i n t e g r a l  i n  (4 .7 .3 )  i s  
F o r  s m a l l  11-11 we a p p r o x i m a t e  f ( 1 - 1 )  - 2 g 2 u 2  ( s e e  ( 3 . 2 . 9 ) )  s o  
( 4 . 7 . 6 )  b e c o m e s  
6  
/ d u e  - ( 1  1 + 1 2 )  ( 4 . 7 . 7 )  - -  % - 6  14 mT 
w h e r e  
M 
We c h a n g e  v a r i a b l e s  i n  ( 4 . 7 . 8 )  by  < = I -  - t o  o b t a i n  1-I 
R e c a l l  t h a t  6  i s  f i x e d .  As M + O ,  b o t h  I1  a n d  I2 a r e  s i n g u l a r .  We 
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c a n  show t h e y  e a c h  h a v e  a  l o g a r i t h m i c  s i n g u l a r i t y  by u s i n g  
L ' H o p i t a l s  r u l e :  
a - -  
= l i m  - - - e  2 g 2  ( 4 . 7 . 1 0 )  
M + O  
L i  k e w i  s e  
C o m b i n i n g  ( 4 . 7 . 4 ) ,  ( 4 . 7 . 7 ) ,  ( 4 . 7 . 1 0 ) ,  ( 4 . 7 . 1 1 )  i n  ( 4 . 7 . 3 )  we 
h a v e :  
X 
h 
-2C e  - l o g  M a s  M + O  
m 3  
-3 
3 9 2  , 39 2t 
% (-3) l o g  M a s  M + O  
2 g 2 n t  ( 4 . 7 . 1 2 )  
H e n c e ,  we h a v e  d e m o n s t r a t e d  (4 .7 .1 )  f o r  s h o r t  t i m e s .  We now 
a r g u e  t h a t  ( 4 . 7 . 1 )  i s  v a l i d  f o r  a l l  t i m e s .  
T h e  s i n g u l a r i t y  i s  p r e s e n t  b e c a u s e  ( f r o m  ( 4 . 5 . 1 ) )  
U(t ,O,O)==. T h i s  i s  t r u e  b e c a u s e  U( t ,O,O)  s t a r t s  a t  i n f i n i t y  d u e  
t o  t h e  d e l t a  f u n c t i o n  i n i t i a l  c o n d i t i o n s .  & W=O, M=O t h e  
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e q u a t i o n  i n  ( 4 . 5 . 1 )  becomes  Ut ( t ,O ,O)=O,  b e c a u s e  f (O)=O.  
T h e r e f o r e  we c o n c l u d e  U( t ,O,O)==.  
When we w r i t e  ( 4 . 5 . 1 )  i n  t h e  f o r m  
t h e  s i n g u l a r i t y  now comes f r o m  t h e  a i n t e g r a t i o n  ( i n  ( 4 . 7 . 1 4 ) ) ,  
a r o u n d  a=O. We w r i t e  ( 4 . 7 . 1 4 )  a s  
w h e r e  6 i s  f i x e d  a n d  much  s m a l l e r  t h a n  o n e .  B e c a u s e  t h e  
s i n g u l a r i t y  comes f r o m  t h e  r e g i o n  a r o u n d  a=O we w r i t e  ( 4 . 7 . 1 5 )  a s  
We now show t h a t ,  t o  e v a l u a t e  ( 4 . 7 . 1 6 ) ,  we c a n  u s e  f ( a )  f o r  
f ( M )  i n  ( 4 . 7 . 1 3 ) .  
We w r i t e  t h e  I t o  e q u a t i o n s  c o r r e s p o n d i n g  t o  ( 4 . 7 . 1 3 )  a s  ( s e e  
( 4 . 2 . 5 ) ,  ( 4 . 2 . 6 ) ) :  
I f  we a p p r o x i m a t e  f ( M )  by f ( a ) ,  w h i c h  i s  t a n t a m o u n t  t o  
s a y i n g  M s t a y s  " n e a r "  a, t h e n  we c a n  a p p r o x i m a t e  t h e  e r r o r  made 
2  by  c o m p u t i n g  E [ ( M - a )  1. D o i n g  t h i s  a n d  u s i n g  ( 4 . 2 . 8 ~ )  we f i n d  
I n  s e c t i o n  4.5 we assumed E [ ( M - ~ ) ~ ]  was s m a l l  i f O < t < < l .  
Now we h a v e  a a t  o u r  d i s p o s a l .  N o t e  t h a t  i n  ( 4 . 7 . 1 6 )  we w a n t  t h e  
s o l u t i o n  f o r  s m a l l  v a l u e s  o f  a. F o r  I a l  s m a l l ,  we c a n  e x p a n d  
2  4  f ( a ) = 2 g 2 a  + O ( a  ) .  T h e r e f o r e ,  f o r  ( a 1 < 6 < < 1  we c a n  b o u n d  ( 4 . 7 . 1 8 )  
by 
F o r  any  ( f i n i t e )  v a l u e  o f  t, we c a n  make ( 4 . 7 . 1 9 )  
a r b i t r a r i l y  s m a l l  by c h o o s i n g  6 s m a l l  enough .  T h e r e f o r e ,  f o r  
s m a l l  e n o u g h  6 ,  we c a n  u s e  f ( a )  f o r  f ( M )  i n  ( 4 .7 .13 )  t o  o b t a i n  a  
g o o d  a p p r o x i m a t i o n  t o  (4 .7 .16) .  
C a r r y i n g  t h i s  o u t  we o b t a i n  
n 
w h i c h  g i v e s  t h e  same r e s u l t  as  ( 4 .7 .3 ) .  
We c o n c l u d e  t h a t  (4 .7 .1 )  i s  v a l i d  f o r  a l l  ( f i n i t e )  t i m e .  
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5 .1  I n t e r p r e t a t i o n  O f  Ray A n g l e ,  I n t e r f a c e  C o n d i t i o n s  
A I n  t h e  g e n e r a t o r s  rN, f N  ( s e e  ( 2 . 3 . 2 3 ) ,  ( 2 . 4 . 7 ) )  we u s e d  t h e  
v a r i a b l e s  x L ,  vL. H e r e  we i n t e r p r e t  vL  as  t h e  s c a l e d  a n g l e  t h a t  
r a y  L makes w i t h  t h e  h o r i z o n t a l .  
L e t  Y L  be t h e  a n g l e  t h a t  r a y  L makes w i t h  t h e  h o r i z o n t a l .  
L  L  F o r  r a y  number  L ,  l e t  V1  ( V Z )  be t h e  v e l o c i t y  i n  t h e  - i ( j )  - 
d i r e c t i o n  on t h e  ' s '  s c a l e .  
The  a n g l e  o f  t h e  r a y  i s  t h e n  g i v e n  b y :  
F rom ( 1 . 4 . 9 )  and  ( 1 . 4 . 1 6 )  
F rom (5 .1 .2 )  we c o n c l u d e  
U s i n g  (5 .1 .3 )  i n  ( 5 .1 .1 ) ,  
0 2 / 3 v 0  
- 1 $L = t a n  2  
m a  1 
We s c a l e  Y L  t o  f o r m  O L  a n d  t h e n  u s e  (5 .1 .4 )  f o r :  
So O L ,  t h e  s c a l e d  a n g l e  r e l a t i v e  t o  t h e  h o r i z o n t a l ,  i s  g i v e n  by 
V: ( t o  l e a d i n g  o r d e r ) .  I t  w i l l  be r e c a l l e d  t h a t  we d i s p e n s e d  
w i t h  t h e  V; v a r i a b l e  i n  ( 2 . 3 . 9 )  a n d  t h e n  d e f i n e d  V; a s  vL  i n  
( 2 . 3 . 1 0 ) .  So t h e  v L  i n  f N  r e p r e s e n t s  t h e  s c a l e d  a n g l e  t h a t  r a y  L  
makes  w i t h  t h e  h o r i z o n t a l .  
T h i s  f a c t  w i l l  e n a b l e  u s  t o  t r a c e  r a y s  t h r o u g h  s u c c e s s i v e  
m e d i a .  S i n c e  v L  i s  o r d e r  one,  t h e n  Y L  ( t h e  a c t u a l  a n g l e  a  r a y  
makes  w i t h  t h e  h o r i z o n t a l )  i s  v e r y  s m a l l  ( o f  o r d e r  o 2 I 3 ,  s e e  
( 5 . 1 . 5 ) ) .  
U s i n g  t h e  g e o m e t r i c  o p t i c s  a p p r o x i m a t i o n  t o  t h e  wave 
e q u a t i o n ,  a c r o s s  an i n t e r f a c e  t h e  r a y s  m u s t  s a t i s f y  S n e l l ' s  l a w  
( s e e  ( 1 9 ) ,  A 1 2 . 1 1 ) :  
2  s i n  al= s i n  a2 
w h e r e  C i  ( a i )  i s  t h e  l o c a l  wave s p e e d  ( a n g l e  t o  t h e  n o r m a l )  i n  
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med ium i. 
I f  t h e  i n t e r f a c e  i s  a l o n g  t h e  j a x i s  ( s o  i t  i s  p a r a l l e l  t o  
- 
t h e  mean i n i t i a l  w a v e f r o n t ) ,  t h e n  t h e  a n g l e s  t o  t h e  n o r m a l  ( a i )  
w i l l  be t h e  a n g l e  a  r a y  makes w i t h  t h e  h o r i z o n t a l  ( r i ) .  
T h e r e f o r e  we t a k e  c i = l + O ( o )  ( o r  C O = l  i n  ( 1 . 4 . 1 ) ) ,  a n d  
a i = O ( 0 2 / 3 ) .  Then  ( 5 . 1 . 6 )  becomes 
T h i s  s a y s  t h a t  t h e  a n g l e  o f  i n c i d e n c e  e q u a l s  t h e  a n g l e  o f  
r e f r a c t i o n ,  f o r  s m a l l  a n g l e s .  
D e f i n e  S t o  be t h e  i n t e r f a c e  b e t w e e n  t w o  m e d i a  a n d  l e t  N  be 
-
n o r m a l  t o  S. L e t  Ui be t h e  s o l u t i o n  t o  t h e  wave e q u a t i o n  ( 1 . 1 . 1 )  
i n  med ium i. If we r e q u i r e  
N*VU1 = N * V U 2  
- 
U1 = U2 ( 5 . 1 . 8 )  
on S t h e n  we n e e d  n o t  c o n s i d e r  r e f l e c t e d  r a y s .  I f  t h e  p a r a m e t e r  
' Z '  i s  d e f i n e d  by ( s e e  ( 1 9 ) ,  A12 .13)  
t h e n  t h e  l e a d i n g  o r d e r  r e f l e c t i o n  ( r )  a n d  t r a n s m i s s i o n  ( t )  
c o e f f i c i e n t s  a r e  g i v e n  by ( ( 1 9 ) ,  A12.16, A12 .17)  
U s i n g  C i = l + O ( u )  , a i  = 0 ( 0 ' / ~ )  we f i n d  Z = l + O ( o )  a n d  s o  
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r = O ( a )  , t = l + O ( o )  . T h e r e f o r e ,  t o  f i r s t  o r d e r ,  t h e r e  a r e  n o  
r e f l e c t e d  r a y s .  
Now s u p p o s e  we f i n d  t h e  p r o b a b i l i t y  d e n s i t y  f o r  t h e  
p o s i t i o n s  a n d  s c a l e d  a n g l e s  o f  N  r a y s .  F rom S n e l l ' s  l a w ,  when 
t h e  r a y s  a r r i v e  a t  an i n t e r f a c e ,  we u s e  t h e  v a l u e  o f  vL-  i n  t h e  
p r e c e e d i n g  med ium as t h e  s t a r t i n g  v a l u e  f o r  v L  i n  t h e  new 
med ium.  T h a t  i s  ( s e e  ( 2 . 4 . 2 ) ,  ( 2 . 4 . 6 ) ) :  
on S ( 5 .1 .11 )  
' ( a L )  1 n e w  med i  um = v L / l a s t  med ium 
5.2 Two P o i n t  E n e r g y  C o r r e l a t i o n s ,  N M e d i a  
I n  t h i s  s e c t i o n  we f i n d  t h e  e q u a t i o n s  t h a t  d e s c r i b e  t h e  t w o  
p o i n t  e n e r g y  c o r r e l a t i o n  f o r  a  wave t h a t  has  t r a v e l l e d  t h r o u g h  N 
m e d i a ,  w i t h  p l a n a r  a n d  p a r a l l e l  i n t e r f a c e s .  
We t a k e  t h e  v e l o c i t y  f i e l d  i n  med ium i t o  be 
ci ( x ) = l + a t i  - ( x ) .  - We d e f i n e  gi ( z )  ( f i  ( z ) )  t o  be t h e  g ( z )  ( f ( z ) )  
f u n c t i o n  i n  med ium i. We s u p p o s e  t h a t  med ium i has  a w i d t h  o f  
and  d e f i n e  & = ( t l ,  t 2 ,  ... , t k ) .  
We r e q u i r e  t h e  b o u n d a r y  b e t w e e n  t h e  m e d i a  t o  be p l a n a r  a n d  
p a r a l l e l  ( t o  e a c h  o t h e r  and  t h e  mean i n i t i a l  w a v e f r o n t ) .  T h i s  i s  
r e q u i r e d  t o  e n s u r e  t h a t  a l l  t h e  r a y s  d e s c r i b e d  by f N  r e a c h  e a c h  
med ium a t  t h e  same t i m e  ( t o  l e a d i n g  o r d e r ) .  T h i s  f o l l o w s  f r o m  
t h e  s c a l i n g  i n  c h a p t e r  one. 
F r o m  (1 .4 .9 ) ,  (1 .4 .8) ,  (1.4. 16), (2.3.9) : 
T h e r e f o r e ,  a l l  t h e  r a y s  w i l l  be a t  a  h o r i z o n t a l  d i s t a n c e  o f  t / u 2 l 3  
t o  l e a d i n g  o r d e r ,  i n d e p e n d e n t  o f  t h e i r  s t a r t i n g  a n g l e s .  
To f i n d  t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  f o r  r a y s  g o i n g  
t h r o u g h  N m e d i a  we c a n  s t i l l  u s e  ( 4 . 3 . 6 ) :  
w h e r e  P N ( ~ , Z , V ; a )  --- i s  t h e  p r o b a b i l i t y  d e n s i t y  o f  t w o  r a y s  
s t a r t i n g  f r o m  a  w a v e f r o n t  a t  p o s i t i o n s  (a1 ,a2 ) ,  t r a v e l l i n g  a  
s c a l e d  d i s t a n c e  t i i n  med ium i ( i = l ,  Z , . . . ,  N ) ;  and  t h e n  t h e  r a y s  
h a v e  p o s i t i o n s  (Z1, Z 2 )  a n d  s c a l e d  a n g l e s  (V1, V2) .  
C l e a r l y  t h e  i n i t i a l  c o n d i t i o n  f o r  PN(Q,Z,V;a) i s :  
D e f i n e  i t2 t o  be t2 w i t h  g ( r )  r e p l a c e d  by g i ( z ) .  W h i l e  t h e  
r a y s  a r e  i n  med ium i, it2 d e s c r i b e s  t h e  m o t i o n  o f  t h e  r a y s .  
D e f i n e  q i ( t i  '---- X , V ; q , < )  t o  be t h e  s o l u t i o n  o f :  
Hence,  qi ( t i  )--- X )  i s  t h e  d e n s i t y  f o r  t h e  p o s i t i o n  a n d  
a n g l e s  o f  t w o  r a y s  t r a v e l l i n g  i n  med ium i, t h a t  s t a r t e d  f r o m  
( Q ~ , Q ~ )  w i t h  s c a l e d  a n g l e s  (<1 ,52 ) .  We w i l l  now f i n d  
P N ( h N , Z , V ; a )  --- i n  t e r m s  o f  t h e  { q i } N  by t r a c i n g  t w o  r a y s  i = l  
t h r o u g h  t h e  s u c c e s s i v e  m e d i a .  
The  p r o b a b i l i t y  d e n s i t y  f o r  t h e  , p o s i t i o n s ,  ( 3 )  a n d  
s c a l e d  a n g l e s  ( 3 )  i n  t h e  f i r s t  med ium i s  g i v e n  by 
ql(tl,>,ll;u,h'(a)). When t h e  r a y s  a r r i v e  a t  t h e  s e c o n d  med ium 
( i . e . ,  t h e  f i r s t  i n t e r f a c e )  we c o n t i n u e  t h e  m o t i o n  o f  t h e  r a y s  by 
f i n d i n g  q2(t2,&,>;Ll,Ll). What q2(t2,&,>;Ll,ll) r e p r e s e n t s  
i s  t h e  p r o b a b i l i t y  d e n s i t y  f o r  t h e  p o s i t i o n s  (5) a n d  s c a l e d  
a n g l e s  (3) o f  t w o  r a y s  w h i c h  s t a r t e d  a t  t h e  p o s i t i o n s  (L l )  a n d  
t h e  s c a l e d  a n g l e s  (L l ) .  
Now t h e  Chapman-Ko lmogo rov  e q u a t i o n  c a n  be used .  To  f i n d  
t h e  p r o b a b i l i t y  d e n s i t y  f o r  t w o  r a y s  t h a t  h a v e  gone t h r o u g h  t w o  
m e d i a  we i n t e g r a t e  o v e r  a l l  p o s s i b l e  v a l u e s  o f  p o s i t i o n s  a n d  
s c a l e d  a n g l e s  on t h e  i n t e r f a c e  ( 3  a n d  3 ) .  T h i s  y i e l d s :  
Now we m u s t  s o l v e  (5.2.4) t o  f i n d  q3( t3 ,&,&;>,3) .  
S i n c e  P p  h a s  t h e  p r o b a b i l i t y  d e n s i t y  o f  t w o  r a y s  g o i n g  t h r o u g h  
t w o  m e d i a ,  a n d  q 3  has  t h e  p r o b a b i l i t y  d e n s i t y  o f  t w o  r a y s  g o i n g  
t h r o u g h  t h e  t h i r d  m e d i u m ,  we c a n  a g a i n  a p p l y  t h e  Chapman-  
K o l m o g o r o v  e q u a t i o n  t o  o b t a i n :  
P 3 ( h , & , 3 ; a )  = j d& j d> 
I n  g e n e r a l  we f i n d :  
( f o r  k = 2 , 3 ,  ..., N )  (5 .2 .7 )  
w h e r e  we s t i l l  h a v e  t o  e v a l u a t e  ( 5 . 2 . 2 )  t o  f i n d  R 2 ( ~ , L _ ) .  
We now s i m p l i f y  ( 5 . 2 . 7 ) ,  ( 5 . 2 . 8 ) .  N o t e  t h a t  k f 2  i s  a  
d i f f e r e n t i a l  o p e r a t o r  w i t h  r e s p e c t  t o  t h e  v a r i a b l e s  (&,>). 
* 
A p p l y i n g  ki2 t o  (5 .2 .7 )  a n d  u s i n g  ( 5 . 2 . 4 )  we f i n d  
( f o r  k  = 2, 3,..., N )  (5 .2 .9)  
To  f i n d  t h e  i n i t i a l  c o n d i t i o n s  f o r  (5 .2 .9 )  we e v a l u a t e  
(5 .2 .7 )  a t  t k = O  a n d  u s e  (5 .2.4)  f o r  
= Pk-l ( 3 - 1  ,& ,-!!J( ; a )  ( f o r  k=2 ,3 ,  ..., N )  
(5 .2 .10)  
F rom (5 .2 .8 )  a n d  (5 .2.4)  we c l e a r l y  h a v e  
To f i n d  R 2 ( h , Z )  - we s o l v e  (5 .2 .11 )  a n d  t h e n  s o l v e  (5 .2 .9 ) ,  
( 5 .2 .10 )  s u c e s s i v e l y  f o r  k=2 ,  3  ,..., N. Then  we c a n  e v a l u a t e  
(5 .2 .2 ) .  
One f u r t h e r  s i m p l i f i c a t i o n  i s  p o s s i b l e .  We c a n  i n t e g r a t e  
o u t  t h e  - a i n  (5 .2 .11 ) ,  (5 .2 .9 ) ,  (5 .2 .10) ,  (5.2.2) t o  o b t a i n  t h e  
f i n a l  f o r m  o f  o u r  e q u a t i o n s :  
* 
k f 2  Qk = ( Q k )  ( f o r  k=1,2, .  . . ,N) 
t k  
k & l O &  = Qk-l(&-l,&,&) ( f o r  k=2,3,. ..,N) 
5 .3  Two P o i n t  E n e r g y  C o r r e l a t i o n s ,  P l a n e  I n i t i a l  W a v e f r o n t  
We c a n  s i m p l i f y  t h e  f i n a l  f o r m u l a e  i n  s e c t i o n  5.2 i f  we h a v e  
a  p l a n e  i n i t i a l  w a v e f r o n t .  U s i n g  h - 0  i n  ( 5 .2 .12 )  we h a v e  
* 
P k z ( P k )  ( f o r  k=1,2,... ,N) 
t k  
We c h a n g e  v a r i a b l e s  i n  (5 .3 .1)  by  
T h i s  i s  t h e  same c h a n g e  o f  v a r i a b l e s  we u s e d  i n  s e c t i o n  
3.4. Once a g a i n  we w i l l  r emove  t h e  " c e n t e r  o f  mass "  c o o r d i n a t e s  
f r o m  t h e  s y s t e m  (5 .3 .1 ) .  U s i n g  (5 .3 .2 )  i n  (5 .3 .1)  p r o d u c e s :  
+ 
+ £k Qk  ( f o r  k=1,2,... ,N) 
k  k  
w h e r e  g o  = g  ( 0 )  a n d  
2  2  We c a n  now remove  t h e  ( Y k ,  Uk )  v a r i a b l e s  f r o m  (5 .3 .3 ) .  The  
p r o c e d u r e  i s  as  f o l l o w s :  ( f o r  k=1,2,.. . ,N) 
1) D e f i n e  Q : ( ~ ~ , Y ; , & ~ )  t o  be t h e  s o l u t i o n  o f :  
k k l  Q = 2 ( g O + g  ( Y k ) )  (Q;) 2  2 + f k +  Q; (5 .3 .5 )  
Uk k  
w i t h  t h e  i n i t i a l  c o n d i t i o n s  
N o t e  t h a t  (5 .3 .5 )  and  (5 .3 .6 )  do  n o t  d e p e n d  on t h e  v a r i a b l e  
Y:. O b s e r v e  t h a t  i f  (5 .3 .5 ) ,  (5 .3 .6 )  h a s  a  s o l u t i o n ,  a n d  i f  
+ (5 .3 .3 )  has  a  u n i q u e  s o l u t i o n  f o r  e v e r y  k, t h e n  Qk=Qk. We assume 
t h e  r e q u i r e d  e x i s t e n c e  and  u n i q u e n e s s .  
1 1  2 + 1 Y , u  ) = j dUk Q k ( t k y Y k s U k ) -  2 )  D e f i n e  y k ( t k ,  
2 Now i n t e g r a t e  ( 5 . 3 . 5 ) ,  ( 5 .3 .6 )  w i t h  r e s p e c t  t o  Uk. We assume 
t h a t  (9;) = O  so  t h a t  ( 5 .3 .5 ) ,  (5 .3 .6 )  become 
The f i n a l  e q u a t i o n s  we o b t a i n  a r e :  
( f o r  k=1,2, .  .. ,N) 
1 1  u1 ,ul) y k ( " - l ~ o J k ~ U k )  ' yk-l(rk-l. k  k  ( f o r  k=2,3, .  . . , t i )  
The e q u a t i o n s  i n  (5 .3 .8 )  a r e  t h e  f i n a l  f o r m  we o b t a i n .  
N u m e r i c a l l y  t h e y  a r e  no  more  d i f f i c u l t  t o  s o l v e  t h a n  (4 .4 .20) .  
We c a n  u s e  t h e  c o m p u t e r  code  d e s c r i b e d  i n  c h a p t e r  7 t o  s o l v e  f o r  
Y 1 ,  f o r  O<t<t l .  We u s e  t h e  r e s u l t s  o f  t h i s  c o m p u t a t i o n  f o r  Y1 a s  
t h e  i n i t i a l  c o n d i t i o n s  f o r  Y2 .  To f i n d  Y2 we c h a n g e  t h e  f ( z )  
f u n c t i o n  f r o m  f l ( z )  t o  f 2 ( z ) ,  a n d  s o l v e  f o r  O < t c t 2 .  Then t h e  
v a l u e  o f  y 2  i s  u s e d  as t h e  i n i t i a l  c o n d i t i o n  f o r  Y3 ,  e t c .  
The o n l y  c h a n g e  r e q u i r e d  i n  t h e  c o d e  d e s c r i b e d  i n  c h a p t e r  7 
i s  t o  p e r m i t  d i f f e r e n t  f ( z )  f u n c t i o n s  t o  be u s e d  a t  d i f f e r e n t  
t i m e s .  
5.4 S h a d o w g r a p h  P r o b l e m  
The s h a d o w g r a p h  p r o b l e m  i s  t o  f i n d  t h e  c o r r e l a t i o n  o f  e n e r g y  
a f t e r  a p l a n e  wave p a s s e s  t h r o u g h  a r andom med ium a n d  t h e n  a  
u n i f o r m  medium. T h i s  i s  t h e  way many e x p e r i m e n t s  a r e  s e t  up;. t h e  
r e c o r d i n g  d e v i c e  i s  n o t  i n  t h e  random med ium b u t  s e p a r a t e d  by 
some d i s t a n c e .  The s h a d o w g r a p h  m e t h o d  has  been e x t e n s i v e l y  
e m p l o y e d  i n  t h e  a n a l y s i s  o f  t h e  t u r b u l e n t  wakes o f  m o d e l s  o f  
h y p e r s o n i c  v e h i c l e s .  
I n  t h e  s h a d o w g r a p h  p r o b l e m ,  f o c u s i n g  o f  r a y t u b e s  c a n  o c c u r  
e i t h e r  i n s i d e  t h e  random medium ( t h i s  i s  w h a t  K u l k a r n y  a n d  W h i t e  
( 6 )  i n v e s t i g a t e d . )  o r  o u t s i d e  t h e  random medium, by p u r e l y  
g e o m e t r i c a l  c o n s i d e r a t i o n s .  T h i s  i s  b e c a u s e  t h e  r a y s  l e a v i n g  t h e  
r a n d o m  med ium w i l l  h a v e  random a n g l e s .  
Weyl ( 2 0 )  was one o f  t h e  f i r s t  i n v e s t i g a t o r s  o f  t h e  
s h a d o w g r a p h  p r o b l e m .  L a t e r  r e s u l t s  c a n  be f o u n d  i n  U b e r o i  a n d  
K o v a s z n a y  ( 2 1 )  a n d  T a y l o r  ( 1 0 ) .  A l l  t h e s e  r e s u l t s  a r e  r e s t r i c t e d  
t o  r e g i m e s  w h e r e  f o c u s i n g  has  n o t  o c c u r r e d  i n  e i t h e r  t h e  random 
med ium o r  t h e  u n i f o r m  medium. 
I t  i s  s t r a i g h t f o r w a r d  t o  u s e  t h e  r e g u l a r  p e r t u r b a t i o n  
m e t h o d  w i t h  g e o m e t r i c a l  o p t i c s  t o  f i n d  t h e  e n e r g y  c o r r e l a t i o n ,  
when f o c u s i n g  o c c u r s  e i t h e r  i n  t h e  random med ium o r  i n  t h e  
u n i f o r m  medium. I n  s e c t i o n  A.2 we p r e s e n t  t h i s  m e t h o d ,  w h i c h  i s  
j u s t  an e x t e n s i o n  o f  T a t a r s k i ' s  ( 5 )  a n a l y s i s .  H e s s e l i n k  a n d  
W h i t e  ( 1 1 )  a n a l y z e d  t h e i r  e x p e r i m e n t a l  d a t a  u s i n g  an i n v e r s i o n  
scheme b a s e d  on a  p r o c e d u r e  s i m i l i a r  t o  t h a t  o f  s e c t i o n  A.2. 
We c a n  u s e  t h e  r e s u l t s  o f  s e c t i o n  5.3 ( w i t h  N=2)  t o  o b t a i n  
an  e x p r e s s i o n  f o r  t h e  c o r r e l a t i o n  o f  e n e r g y  o b t a i n e d  by t h e  
s h a d o w g r a p h  m e t h o d .  
We assume t h e  random med ium has  a  v e l o c i t y  f i e l d  o f  t h e  f o r m  
A 
C = l + a ~  a n d  h a s  a  w i d t h  o f  t l a  -213. The s e c o n d  medium, w h i c h  i s  
u n i f o r m  a n d  h a s  C - 1 ,  i s  o f  w i d t h  t20-213 ( s e e  F i g u r e  5.1) .  
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We c o p y  (5.3.8)  f o r  N=2 a n d  remove  t h e  s u p e r s c r i p t s  f r o m  t h e  
v a r i a b l e s  f o r :  
~l(o,Y1,ul) = W 1 )  
The s e c o n d  med ium i s  u n i f o r m ,  s o  t h a t  g 2 ( x ) = 0  a n d  f 2 ( x ) = 0 .  
U s i n g  t h i s  i n  ( 5 .4 .2 )  we h a v e  
The e q u a t i o n  i n  (5 .4 .4)  i s  a  wave e q u a t i o n .  We h a v e  
 constant on l i n e s  w h e r e  Y 2 - U 2 t 2 = c o n s t a n t .  Hence, t h e  s o l u t i o n  
o f  (5.4.4) i s  
U s i n g  (5 .4 .5 )  i n  ( 5 .4 .3 ) :  
When e q u a t i o n  (5 .4 .1 )  i s  s o l v e d  f o r  Yl, a n d  t h e  r e s u l t  u s e d  
i n  ( 5 .4 .6 )  we o b t a i n  t h e  s h a d o w g r a p h  e n e r g y  c o r r e l a t i o n .  I n  
g e n e r a l ,  we c a n  p r o c e e d  no  f u r t h e r .  
5.5 S h o r t  d i s t a n c e  a p p r o x i m a t i o n  f o r  t h e  s h a d o w g r a p h  p r o b l e m  
I n  t h e  s p e c i a l  c a s e  when t l < < l  we c a n  a p p r o x i m a t e  t h e  
s o l u t i o n  t o  ( 5 . 4 . 1 ) ,  ( 5 . 4 . 6 )  a n d  so  f i n d  t h e  e n e r g y  c o r r e l a t i o n  
f u n c t i o n  f o r  t h e  s h a d o w g r a p h  p r o b l e m .  
We w r i t e  e q u a t i o n s  (5 .4 .1 ) ,  ( 5 . 4 .6 )  i n  t h e  e q u i v a l e n t  f o r m  
( w i t h  t f o r  t l ) :  
F o r  s h o r t  t i m e s  we a p p r o x i m a t e  f ( Y )  by f ( a )  i n  ( 5 .5 .1 )  ( s e e  
s e c t i o n  4 .5) .  The e q u a t i o n  f o r  Y becomes 
The  s o l u t i o n  t o  (5 .5 .3 )  i s  i n  (4 .2 .5 ) ,  (4 .2 .10) .  We h a v e  
U s i n g  (5 .5 .4 )  i n  (5 .5 .2)  we c a n  e v a l u a t e  t h e  i n t e g r a l  w i t h  
r e s p e c t  t o  U e x a c t l y  ( t h e  i n t e g r a n d  i s  o n l y  a  g a u s s i a n  i n  U ) .  We 
o b t a i n :  
w h e r e  
F o r  t<<l ,  we h a v e  t 3 ~ > > 1  a n d  we c a n  u s e  L a p l a c e ' s  m e t h o d  on 
(5 .5 .5 ) .  I n  f a c t ,  (5 .5 .5 )  i s  t h e  e x a c t  same i n t e g r a l  as (4 .5 .9 ) ,  
w i t h  t r e p l a c e d  by t ~ l / ~ .  T h e r e f o r e  we c a n  u s e  t h e  a n s w e r  we 
o b t a i n e d  b e f o r e ,  ( 4 . 5 . 1 7 ) ,  w i t h  t = t ~ l / ~ .  We f i n d  
E q u a t i o n  ( 5 . 5 . 7 )  i s  t h e  same a n s w e r  we o b t a i n  by r e g u l a r  
p e r t u r b a t i o n  m e t h o d s  ( s e e  ( A . 2 . 2 0 ) ) .  
N o t e  t h a t  ( 5 .5 .7 )  i s  v a l i d  f o r  a r b i t r a r i l y  l a r g e  t2, i f  t i s  
s u f f i c i e n t l y  s m a l l .  T h i s  e x p l a i n s  t h e  e x p e r i m e n t a l  r e s u l t s  o f  
H e s s e l i n k  a n d  W h i t e  ( 1 1 ) .  
I n  t h e i r  e x p e r i m e n t ,  t i s  s m a l l  e n o u g h  f o r  (5 .5 .7)  t o  be 
v a l i d .  They  u s e d  (5 .5 .7 )  t o  f i n d  t h e  s p e c t r u m  o f  t h e  med ium 
( w h i c h  i s  t h e  same as  k n o w i n g  g ( Y ) ,  see  ( 3 . 1 . 9 ) )  a t  t w o  v a l u e s  o f  
t2. They  w e r e  c o n c e r n e d  t h a t  t h e y  o b t a i n e d  t h e  same s p e c t r u m ,  a t  
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e a c h  v a l u e  o f  t2,  w h i l e  t h e  s h a d o w g r a p h s  showed t h a t  much m o r e  
f o c u s i n g  h a d  o c c u r r e d  f o r  l a r g e r  v a l u e s  o f  t2. We know now t h a t  
(5 .5 .7 )  i s  v a l i d  f o r  l a r g e  t2, a n d  t h e  i n c r e a s e d  f o c u s i n g  t h e y  
o b s e r v e d  m u s t  h a v e  been due  t o  t h e  g e o m e t r i c a l  f o c u s i n g  i n  t h e  
u n i f o r m  med i  um. 

6.1 A ~ ~ l v i n a  The P a ~ a n i c o l a o u  a n d  K o h l e r  Theo rem To The T h r e e  
D i m e n s i o n a l  E q u a t i o n s  O f  M o t i o n :  D e r i v i n g  The G e n e r a t o r  .f,+ 
Y 
I n  t h i s  s e c t i o n  we w i l l  u s e  t h e  P a p a n i c o l a o u  a n d  K o h l e r  
t h e o r e m  on t h e  t h r e e  d i m e n s i o n a l  e q u a t i o n s  o f  m o t i o n :  ( 1 . 5 . 1 3 ) ,  
( 1 .5 .14 ) .  T h e s e  e q u a t i o n s  a r e  o f  t h e  f o r m  (2 .2 .1 )  s o  we c a n  u s e  
t h e  r e s u l t s  o f  s e c t i o n  2.2. 
We c o p y  (1 .5 .13 ) ,  ( 1 .5 .14 )  f o r  t h e  c a s e  o f  N r a y s ,  a n d  o n l y  
k e e p  o n l y  t h o s e  t e r m s  t h a t  a r e  o f  o r d e r  one o r  l a r g e r :  
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(J To t h i s  o r d e r  o f  a p p r o x i m a t i o n ,  t h e  s o l u t i o n  f o r  X; and  V 1  
i s  c l e a r l y  
We u s e  (6 .1 .2 )  i n  ( 6 . 1 . 1 )  and  w r i t e  t h e  r e m a i n i n g  e q u a t i o n s  a s :  
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E q u a t i o n  ( 6 . 1 . 3 )  h a s  t h e  same f o r m  a s  ( 2 . 2 . 1 )  i f  we i d e n t i f y :  
We a l s o  d e f i n e  3: t o  be t h e  s m a l l e s t  s i g m a  a l g e b r a  w i t h  
a 
r e s p e c t  t o  w h i c h  { C X  ( r , X 2 , X 3 ) ,  C X  ( T , X ~ , X ~ )  I f o r  a l l  
2  3  
X 2 ,  X 3  a n d  s G r G t }  a r e  m e a s u r a b l e .  
F i r s t  we w i l l  f i n d  t h e  i n f i n i t e s i m a l  g e n e r a t o r ,  and  t h e n  
v e r i f y  t h e  r e q u i r e m e n t s  o f  t h e  P a p a n i c o l a o u  a n d  K o h l e r  t h e o r e m .  
F r o m  ( 2 . 2 . 1 1 )  we h a v e  
a 
We d e f i n e  t h e  t h r e e  d i m e n s i o n a l  c o r r e l a t i o n  f u n c t i o n  o f  C by 
We assume t h a t  c i s  homogeneous  a n d  i s o t r o p i c  s o  t h a t  
F rom (6 .1 .7 )  we f i n d  
U s i n g  (6 .1 .5 )  and  ( 6 . 1 . 9 )  we f i n d :  
S i m i  l a r l y ,  
s o  s - o  i j x i - X j )  
E [K2 i - 1 (~9  K Z j - l ( ~ ,  = - R y y ( T ,  X 2 - X 2 ,  3 3 
E E E 
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We d e f i n e  ( a n a l o g o u s  t o  ( 2 . 3 . 2 1 ) )  
By t h e  i s o t r o p y  o f  C ,  
Now we a p p l y  ( 2 . 3 . 1 ) ,  ( 2 . 3 .2 )  t o  ( 6 . 1 . 1 0 )  a n d  ( 6 . 1 . 1 1 )  t o  
c a l c u l a t e  - a by (2 .2 .12 ) .  We f i n d  
- 
G y y  ( x i  - X: - x;) L = 2N + 2 i - 1 ,  K = 2N + 2 j - 1  
o t h e r w i s e  ( 6 . 1 . 1 4 )  
f o r  1 i j  N. F o r  t h i s  we h a d  t o  r e q u i r e  ( f r o m  ( 2 . 3 . 2 ) ) :  
F rom ( 6 . 1 . 6 ) ,  (6 .1 .14)  we c a n  i m m e d i a t e l y  w r i t e  t h e  
g e n e r a t o r ,  3 f N  , f o r  t h e  e v o l u t i o n  o f  t h e  4N q u a n t i t i e s  
L L L { x i ,  X 3 .  V 2 .  V 3 } .  We h a v e  ( s e e  ( 2 . 1 . 3 ) ) :  
w h e r e  t h e  a r g u m e n t  t o  t h e  G f u n c t i o n  i s  
When 3 f N  i s  u s e d  i n  t h e  f o r w a r d  K o l m o g o r o v  e q u a t i o n ,  
* 
3 f N  Q = Q t ,  t h e  i n i t i a l  c o n d i t i o n s  f o r  Q come f r o m  (6 .1 .4 ) .  We 
h a v e  
F o r  an i n i t i a l l y  p l a n e  w a v e f r o n t ,  h:O ( s e e  ( 1 . 5 . 1 ) ) ,  s o  
( 6 . 1 . 1 8 )  becomes 
Now we m u s t  c h e c k  t h e  r e q u i r e m e n t s  o f  t h e  P a p a n i c o l a o u  a n d  
K o h l e r  t h e o r e m  ( s e e  (2 .2 .14 ) .  We c a n n o t  c h e c k  t h e  s t r o n g  m i x i n g  
r a t e ,  b u t  ( 6 . 1 . 1 5 )  does  i n s u r e  a  weak f o r m  o f  m i x i n g .  
A 
I f  we assume E [ C ]  = 0, t h e n  (2 .2 .7 )  i s  s a t i s f i e d .  We 
A 
assumed  t h a t  C i s  bounded  a n d  has  bounded  d e r i v a t i v e s  i n  (1 .4 ,3 ) ,  
s o  (2 .2 .9 )  i s  s a t i s f i e d .  
B e c a u s e  we u s e d  ( 2 . 3 . 1 ) ,  (2 .3 .2 )  t o  e v a l u a t e  t h e  aiJ 
c o e f f i c i e n t s ,  c o n d i t i o n s  (2 .2 .13 )  i s  s a t i s f i e d .  
We h a v e  n o t  v e r i f i e d  c o n d i t i o n s  (2 .1 .21 )  - ( 2 . 1 . 2 4 ) ,  
( 2 . 1 . 2 9 )  f o r  3 f N ,  b u t  b e l i e v e  t h e m  t o  be s a t i s f i e d .  T h e s e  a r e  
c o n d i t i o n s  on t h e  c o n t i n u i t y  a n d  d i  f f e r e n t i a b i  l i t y  o f  t h e  
p r i n c i p a l  p a r t  o f  3fN. 
6.2 N - P o i n t  E n e r a v  C o r r e l a t i o n s  
I n  t h i s  s e c t i o n  we w i l l  f i n d  t h e  e q u a t i o n s  t h a t  d e s c r i b e  t h e  
N - p o i n t  e n e r g y  c o r r e l a t i o n  i n  t h r e e  d i m e n s i o n s ,  
We d e f i n e  J ( t , a 2 , a 3 )  t o  be t h e  J a c o b i a n  o f  t h e  m a p p i n g  f r o m  
t h e  w a v e f r o n t  t o  p h y s i c a l  space .  We assume t h a t  v a r i a t i o n s  i n  
t h e  - i d i r e c t i o n  a r e  s m a l l  c o m p a r e d  t o  v a r i a t i o n s  i n  t h e  ( j ,  - - k )  
d i r e c t i o n s .  T h i s  i s  t h e  same a s s u m p t i o n  we made i n  t w o  
d i m e n s i o n s .  W i t h  t h i s  a s s u m p t i o n ,  we c a n  a p p r o x i m a t e  t h e  
J a c o b i a n  b y :  
The J a c o b i a n  i s  t h e  r a t i o  o f  i n f i n i t e s i m a l  a r e a s ,  s o  we u s e  
J ( t  ,a2 ,a3)  ( d e f i n e d  by  ( 6 . 2 1 ) )  as  t h e  a p p r o x i m a t e  r a y t u b e  a r e a  
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i n  t h r e e  d i m e n s i o n s .  
We d e f i n e  t h e  e x p e c t a t i o n  i n  p h y s i c a l  s p a c e ,  t h e  same way we 
d i d  i n  t w o  d i m e n s i o n s  ( s e e  ( 3 . 2 . 1 ) ) :  
We g e n e r a l i z e  ( 6 . 2 . 2 )  t o  N p o i n t s  i n  p h y s i c a l  s p a c e  as  f o l l o w s :  
S i n c e  ~ ( t , a k , a : )  i s  an  a p p r o x i m a t e  a r e a  o f  t h e  L~~ r a y t u b e ,  
a n d  r a y  e n e r g y  i s  a p p r o x i m a t e l y  t h e  r e c i p r o c a l  o f  t h e  r a y t u b e  
a r e a  ( s e e  ( 4 . 3 . 1 ) ) ,  we d e f i n e  
t o  be t h e  e n e r g y  c o r r e l a t i o n  f u n c t i o n  f o r  N p o i n t s  i n  t h r e e  
d i m e n s i o n s .  U s i n g  (6 .2 .3 )  i n  ( 6 .2 .4 )  
w h e r e  we h a v e  u s e d  (6 .2 .1 )  f o r  t h e  s e c o n d  e q u a l i t y .  T h e  t h i r d  
e q u a l i t y  i s  a  g e n e r a l i z a t i o n  o f  ( 4 . 1 . 3 ) .  
We c a n  e v a l u a t e  t h e  r i g h t  h a n d  s i d e  o f  ( 6 . 2 . 5 )  b y  
m u l t i p l y i n g  by  t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  o f  t i 2 ,  X3,  12, 1,) 
( w h i c h  we c a n  f i n d  f r o m  3 f N )  a n d  i n t e g r a t i n g  o v e r  a l l  v a l u e s  o f  
X v { X 2 9  -3' -2'  1 3 )  . C a r r y i n g  t h i s  o u t  we f i n d :  
z v v  6 (i2 -I2 ) 6 ( i 3 - 1 3  ) = .fd22!d23!d!2!d!3 ( 9 1 2  9-3 9-2 '-3 ; 3 2  ' 2 3  ) 
( 6 . 2 . 6 )  
w h e r e  
i * P = P t  3  N 
We c a n  c a r r y  o u t  t h e  g2, cx3 i n t e g r a t i o n s  i n  ( 6 . 2 . 6 ) ,  (6 .2 .7 )  
b e c a u s e  3 f N  does  n o t  d e p e n d  on a2 o r  a 
-3 ' We f i n d  
F o r  a  p l a n e  i n i t i a l  w a v e f r o n t ,  ( 6 . 2 . 1 0 )  i s  r e p l a c e d  by 
E q u a t i o n s  ( 6 .2 .8 )  t h r o u g h  (6 .2 .11 )  a r e  t h e  m a i n  r e s u l t s  o f  
t h i s  s e c t i o n .  
6.3 Two P o i n t  E n e r g y  C o r r e l a t i o n s ,  P l a n e  I n i t a l  W a v e f r o n t  
H e r e  we s i m p l i f y  t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  e q u a t i o n s  
when t h e  i n t i a l  w a v e f r o n t  i s  p l a n a r  ( e q u a t i o n s  ( 6 .2 .8 ) ,  (6 .2 .9 ) ,  
( 6 . 2 . 1 1 ) ) .  
2  2 We know G(Y,Z)  i s  a  f u n c t i o n  o f  (Y  + Z  ) f r o m  (6 .1 .13) ,  s o  we 
h a v e  
We d e f i n e  G O  by:  
u s i n g  ( 6 . 3 . 1 ) ,  ( 6 . 3 . 2 )  a n d  N=2 i n  ( 6 . 1 . 1 6 )  we f i n d  
w h e r e  t h e  a r g u m e n t  t o  G ( * )  i n  ( 6 . 3 . 3 )  i s  
We c o p y  e q u a t i o n s  ( 6 . 2 . 8 ) ,  ( 6 . 2 . 9 ) ,  ( 6 . 2 . 1 1 )  f o r  r e f e r e n c e :  
We now c h a n g e  v a r i a b l e s  i n  ( 6 . 3 . 3 )  a n d  ( 6 . 3 . 5 ) .  I n  a n a l o g y  
w i t h  w h a t  we d i d  i n  t w o  d i m e n s i o n s ,  we c h o o s e  new v a r i a b l e s  t o  be 
t h e  sum a n d  d i f f e r e n c e  o f  t h e  o l d  v a r i a b l e s .  We d e f i n e  
R o u t i n e  c a l c u l a t i o n s  g i v e  
w h e r e  
a n d  
Now we w i l l  e l i m i n a t e  r ,  P f r o m  ( 6 . 3 . 6 )  - (6 .3 .9 )  t h e  same 
- - 
way we r e m o v e d  MN, W N  i n  t w o  d i m e n s i o n s  ( s e e  s e c t i o n  3 .4 ) .  
C o n s i d e r  t h e  e q u a t i o n :  
I f  (6 .3 .10 )  h a s  a  s o l u t i o n ,  t h e n  i t  s a t i s f i e s  ( 6 . 3 . 6 ) ,  
(6 .3 .9 ) .  I f  ( 6 . 3 . 6 ) ,  (6 .3 .9 )  h a s  a  u n i q u e  s o l u t i o n ,  t h e n  t h e  
s o l u t i o n  t o  (6 .3 .10)  i s  t h e  u n i q u e  s o l u t i o n  t o  ( 6 .3 .6 ) ,  (6 .3 .9 ) .  
We assume e x i s t e n c e  a n d  u n i q u e n e s s  so  H = Q  a n d  we c a n  w r i t e  
(6 .3 .8 )  a s :  
Now we d e f i n e  
I f  we assume 
t h e n  ( 6 . 3 . 1 0 ) ,  ( 6 .3 .11 )  become ( u s i n g  ( 6 . 3 . 7 ) , ( 6 . 3 . 1 2 ) ) :  
The s y s t e m  { ( 6 . 3 . 1 4 ) ,  ( 6 .3 .14 ) ,  ( 6 . 3 . 1 5 ) }  i s  t h e  t h r e e  
d i m e n s i o n a l  a n a l o g  o f  t h e  s y s t e m  i n  (4 .4 .20) .  
The e q u a t i o n  (6 .3 .14)  depends  on f o u r  s p a c e  v a r i a b l e s  a n d  
t. By t a k i n g  t h e  new v a r i a b l e s  
0 = t a n  
Q) (::) 
(6.3 .16 )  
C O S  0 
we c a n  r e d u c e  t h e  s y s t e m  t o  o n l y  t h r e e  s p a c e  v a r i a b l e s .  U s i n g  
( 6 . 3 . 1 6 )  i n  ( 6 . 3 . 1 4 ) ,  (6 .3 .15)  we f i n d  
w h e r e  
The d e p e n d e n c e  o f  3 R 2  on 0 i s  a r t i f i c i a l .  We c a n  r e m o v e  0 
f r o m  (6 .3 .17)  t h e  same way we r e m o v e d  - r f r o m  (6 .3 .6 )  t o  o b t a i n :  
I 1  
Pt = 2 [ H i i ( 0 ) - H  ( r ) ]  PU + z [ H " ( o ) -  
1 2  
I n  t h e  s y s t e m  ( 6 . 3 . 1 9 )  we see  t h a t  3 R 2  o n l y  d e p e n d s  on 
t , .  H e r e ,  
i s  t h e  d i s t a n c e  b e t w e e n  t h e  t w o  p o i n t s  a t  w h i c h  t h e  e n e r g y  i s  
b e i n g  r e c e i v e d .  T h i s  a g r e e s  w i t h  o u r  i n t u i t i o n :  i n  an  i s o t r o p i c  
a n d  homogeneous  random f i e l d  t h e  c o r r e l a t i o n  f u n c t i o n  s h o u l d  o n l y  
d e p e n d  on t h e  d i s t a n c e  b e t w e e n  t h e  o b s e r v a t i o n  p o i n t s .  
The s y s t e m  i n  ( 6 . 3 . 1 9 )  i s  t h e  m a i n  r e s u l t  o f  t h i s  s e c t i o n .  
6 .4  S h o r t  D i s t a n c e  A p p r o x i m a t i o n  t o  t h e  Two P o i n t  E n e r g y  
C o r r e l a t i o n  F u n c t i o n :  F o u r i e r  T r a n s f o r m  M e t h o d  
I n  t h e  s e c t i o n  we u s e  F o u r i e r  T r a n s f o r m s  t o  o b t a i n  a  s h o r t  
d i s t a n c e  a p p r o x i m a t i  on t o  t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  
f u n c t i o n .  We u s e  t h e  s y s t e m  { ( 6 . 3 . 1 4 ) ,  ( 6 . 3 . 1 5 ) )  i n s t e a d  o f  
( 6 .3 .18 )  b e c a u s e  t h e  f o r m e r  e x h i b i t s  g r e a t e r  s y m m e t r y .  The  
t e c h n i q u e s  u s e d  i n  t h i s  s e c t i o n  a r e  c o m p l e t e l y  a n a l o g o u s  t o  t h e  
t e c h n i q u e s  u s e d  i n  s e c t i o n  4.6. 
We d e f i n e  t h e  F o u r i e r  T r a n s f o r m s :  
I f  we assume t h a t  
t h e n  t h e  s y s t e m  ( 6 . 3 . 1 4 ) ,  ( 6 . 3 . 1 5 )  becomes ( u s i n g  ( 6 . 4 . 1 ) )  
2  2  Q t  = - X Q u  - Y O V  - 2 G O ( U  +V )Q 
We s u b t r a c t  o u t  t h e  d e l t a  f u n c t i o n s  i n  t h e  i n t i a l  c o n d i t i o n s  
o f  Q by f o r m i n g :  
U s i n g  ( 6 . 4 . 4 )  i n  ( 6 . 4 . 3 )  a n d  s e t t i n g  a l l  t e r m s  w i t h  X 6 ( X )  
o r  Y 6 ( Y )  t o  z e r o  we o b t a i n :  
T h e  s y s t e m  ( 6 . 4 . 5 ) ,  ( 6 . 4 . 6 )  i s  s t i l l  e x a c t .  T o  a p p r o x i m a t e  
t h i s  s y s t e m  we l o o k  f o r  a  s o l u t i o n  o f  t h e  f o r m  
F r o m  ( 6 . 4 . 5 )  we c o n c l u d e  
+ o  E 0 (6 .4 .8)  
I f  we s u b s t i t u t e  ( 6 . 4 . 7 ) ,  ( 6 . 4 . 8 )  i n  ( 6 . 4 . 5 ) ,  t a k e  a  T a y l o r  
s e r i e s  i n  t ,  a n d  e q u a t e  p o w e r s  o f  t, we o b t a i n  t h e  s e q u e n c e  o f  
a l g e b r a i c  e q u a t i o n s :  
f o r  N=0,1,2 . . . . I t  i s  s t r a i g h t f o r w a r d  t o  f i n d :  
$ 1  = - ~ ( x u + Y v ) ~  G ( x , Y )  
2  2  2  2  m 2  = ~ G ( x , Y )  ( X U + Y V )  ( X  + Y  ) + 4  G & ( x , Y )  ( U  + V  ) ( X U ~ Y V )  
U s i n g  (6 .4 .7 ) ,  ( 6 . 4 .8 ) ,  ( 6 . 4 .10 )  i n  (6 .4 .6 )  we o b t a i n  
i ( t , x , u )  = 4n2  6 ( X )  6 ( Y )  - $ ~ ( x , Y )  ( x 2 + y 2 1 2  + 0 ( t 4 )  ( 6 .4 .11 )  
T a k i n g  t h e  i n v e r s e  t r a n s f o r m  o f  (6 .4 .11)  y i e l d s  ( s e e  ( 6 . 4 . 1 ) )  
E q u a t i o n  (6 .4 .12 )  i s  t h e  same as  (A .1 .30)  w h i c h  was d e r i v e d  
by r e g u l a r  p e r t u r b a t i o n  t e c h n i q u e s .  
H e r e  we g i v e  an a l t e r n a t e  r e p r e s e n t a t i o n  f o r  G(Y,Z) ,  g i v e  an 
e x a m p l e  o f  G(Y,Z) ,  a n d  c h e c k  t h e  r e q u i r e m e n t s  f r o m  s e c t i o n  6.1. 
I n  s e c t i o n  6 .1  we d e f i n e d  G(Y,Z)  by  ( s e e  ( 6 . 1 . 1 2 ) )  
A 
w h e r e  R(X,Y,Z)  i s  t h e  t h r e e  d i m e n s i o n a l  c o r r e l a t i o n  o f  C. F r o m  
A 
t h e  h o m o g e n e i t y  a n d  i s o t r o p y  o f  C ,  we h a v e  ( s e e  ( 6 . 1 . 1 3 ) ,  
We d e f i n e  t h e  F o u r i e r  T r a n s f o r m  o f  B b y :  
s o  t h a t  
U s i n g  ( 6 . 5 . 1 )  ( n o t e  t h e  r a n g e  o f  i n t e g r a t i o n  i s  LO,=))  w i t h  
( 6 . 5 . 2 )  a n d  ( 6 . 5 . 5 )  p r o d u c e s  
I n  ( 6 . 5 . 6 )  we c h a n g e  t o  p o l a r  c o o r d i n a t e s ,  
wl = w c o s  0, w 2  = w s i n  0, a n d  s e t  Z = 0  t o  f i n d  
F r o m  ( 6 . 5 . 3 ) ,  ( 6 . 5 . 7 )  
T o  s i m p l i f y  ( 6 . 5 . 4 )  we c h a n g e  t o  s p h e r i c a l  p o l a r  
c o o r d i n a t e s ,  X = r s i n  O c o s  @, Y = r s i n  0 s i n  @, Z = r c o s  0, 
a n d  s e t  ol = o 2  = 0 t o  f i n d :  
w h e r e  we h a v e  u s e d  ( 1 5 )  3 .715.21.  
A 
G i v e n  a  c o r r e l a t i o n  f u n c t i o n  f o r  C ,  we c a n  c o m p u t e  t h e  p o w e r  
s p e c t r u m  by ( 6 .5 .9 ) .  Then ,  by u s i n g  (6 .5 .8 ) ,  we c a n  f i n d  G(Y,Z) .  
F o r  e x a m p l e ,  i f  we t a k e  
t h e n  we f i n d :  
F o r  t h i s  e x a m p l e  t h e  c o n d i t i o n s  i n  ( 6 .1 .15 )  a r e  s a t i s f i e d .  
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7 .1  N u m e r i c a l  T e c h n i a u e  
I n  t h i s  s e c t i o n  we d e s c r i b e  t h e  n u m e r i c a l  t e c h n i q u e  u s e d  t o  
s o l v e  t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  s y s t e m ,  ( 3 . 4 . 2 0 ) .  
We p l a c e  (4 .4 .20 )  on t h e  u n i v e r s a l  t i m e  s c a l e  ( s e e  ( 1 . 2 . 2 ) )  
by t h e  c h a n g e  o f  v a r i a b l e s :  
t o  o b t a i n :  
Up u n t i l  now we h a v e  s o l v e d  (4 .4 .20 )  w i t h  no  r e a l  r e g a r d  f o r  
w h a t  t h e  c o r r e c t  b o u n d a r y  c o n d i t i o n s  f o r  (4 .4 .20) .  To c a l c u l a t e  
t h e  s o l u t i o n  n u m e r i c a l l y ,  we n e e d  t o  know t h e  " p r o p e r "  b o u n d a r y  
c o n d i t i o n s  b e c a u s e  we m u s t  a d a p t  ( 7 .1 .2 )  t o  a  n u m e r i c a l  g r i d ,  and  
t h e  i n f o r m a t i o n  on t h e  b o u n d a r i e s  o f  t h e  g r i d  w i l l  g r e a t l y  
d e t e r m i n e  t h e  s o l u t i o n .  
- 150.- 
F i c h e r a  ( 2 2 )  has  g i v e n  r e s u l t s  f o r  t h e  e x i s t e n c e  o f  a  weak 
s o l u t i o n  f o r  an e q u a t i o n  o f  t h e  f o r m  (7 .1 .2 ) ,  i f  t h e  i n i t i a l  
c o n d i t i o n s  a n d  b o u n d a r y  c o n d i t i o n s  a r e  L 2  a n d  some e s t i m a t e s  on 
t h e  s o l u t i o n  c a n  be f o u n d .  A l s o ,  i n  s u c h  c a s e s ,  he s t a t e s  w h a t  
t h e  p r o p e r  i n i t i a l  c o n d i t i o n s  a n d  b o u n d a r y  c o n d i t i o n s  a r e .  
The i n i t i a l  c o n d i t i o n s  t o  (7 .1 .2 )  a r e  n o t  L2,  b u t  we c a n  
s t i l l  u s e  F i c h e r a ' s  r e s u l t  t o  s u g g e s t  t h e  p r o p e r  c o n d i t i o n s .  H i s  
r e s u l t s  s u g g e s t  t h a t  V o r  i t s  f i r s t  d e r i v a t i v e  s h o u l d  be g i v e n  on 
c ,  w h e r e  Z i s  d e f i n e d  b y :  
The  r e a s o n  t h a t  c o n d i t i o n s  n e e d  t o  be g i v e n  on (X=m, Y>O) 
a n d  (X=-m, Y<O) i s  b e c a u s e  t h e s e  a r e  t h e  e n t r a n c e  b o u n d a r i e s  o f  
t h e  p r o b l e m .  T h i s  c a n  be r e a l i z e d  by c o n s i d e r i n g  t h e  
s u b c h a r a c t e r i s t i c s  o f  (7 .1 .2 )  ( t h a t  i s ,  (7 .1 .2 )  w i t h  t h e  
d i f f u s i o n  t e r m  r e m o v e d ) .  The s o l u t i o n  t o  t h i s  new e q u a t i o n  i s  
V = h ( X - Y T ) ,  w h e r e  h  i s  an a r b i t r a r y  f u n c t i o n .  
F o r  Y < O  t h i s  r e p r e s e n t s  a  wave t r a v e l i n g  t o  t h e  l e f t  i n  t h e  
(X,Y)  p l a n e ,  whose i n i t a l  v a l u e  m u s t  be g i v e n  a t  X=m. F o r  Y < O ,  
t h e  i n i t i a l  c o n d i t i o n  m u s t  be p r e s c r i b e d  a t  X=-a. 
F o r  Y < O ,  X > O  a n d  Y > O ,  X < O  t h e  s u b c h a r a c t e r i s t i c s  a r e  
p o i n t i n g  i n t o  t h e  r e g i o n  s u r r o u n d i n g  (X=O, Y=O). Hence ,  t h e  
u p s t r e a m  s o l u t i o n  i s  c o n v e c t e d  i n t o  t h e  r e g i o n  o f  t h e  n u m e r i c a l  
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g r i d .  U p s t r e a m ,  w i t h  1 x 1  >>I, we c a n  a p p r o x i m a t e  f ( X )  - by  
f,=f(=). The s o l u t i o n  o f  ( 7 .1 .2 ) ,  (7 .1 .3)  w i t h  f ( X )  r e p l a c e d  by 
f, i s  g i v e n  by i n t e g r a t i n g  (4 .2 .5 ) ,  ( 4 . 2 . 1 0 )  w i t h  r e s p e c t  t o  a. 
We f i n d  
T h i s  s o l u t i o n  i s  i n d e p e n d e n t  o f  X o r ,  V X  = 0. Hence ,  f o r  
t h e  b o u n d a r i e s  Y < O ,  X < < O  and  Y > O ,  X < < O ,  we u s e d  V X  = 0. 
The f ( X )  - f u n c t i o n  we u s e d  i n  (7 .1 .2 )  c o r r e s p o n d e d  t o  a  
g a u s s i a n  c o r r e l a t i o n  f u n c t i o n  f o r  C. U s i n g  (3 .3 .4 .a )  (3 .3 .5 .a)  
w i t h  a = l ,  a n d  (4 .4 .19 )  we h a v e :  
F rom ( 3 . 2 8 ) ,  ( 3 .2 .7 )  we c o m p u t e  f r o m  ( 7 . 1 . 7 ) :  
L e t  6 X ,  6Y be t h e  g r i d  s p a c i n g s  i n  t h e  X,  Y d i r e c t i o n s .  L e t  
6 t  be t h e  t i m e  s e p a r a t i o n  b e t w e e n  g r i d s .  To s o l v e  (7 .1 .2 )  
n u m e r i c a l l y  we u s e d  a  u n i f o r m  g r i d  w i t h  1 3 1  p o i n t s  i n  t h e  X 
d i r e c t i o n  ( w i t h  1 x 1 ~ 6 ,  s o  dX=.092)  a n d  60  p o i n t s  i n  t h e  Y 
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d i r e c t i o n  ( w i t h  - 3  <Y < 2 6 Y ,  s o  bY= .053 ) .  S i n c e  e q u a t i o n  
( 7 .1 .2 )  i s  i n v a r i a n t  u n d e r  t h e  c h a n g e  o f  v a r i a b l e s  ( X , Y ) + ( - X , - Y )  
we o n l y  s o l v e d  t h e  e q u a t i o n ,  a t  e a c h  t i m e  s t e p ,  f o r  Y < O  a n d  t h e n  
r e f l e c t e d  t h e  s o l u t i o n  t o  t h e  u p p e r  h a l f  p l a n e .  We c h o o s e  1 x 1 ~ 6  
s i n c e  t h e  f ( X )  we u s e d  i s  e s s e n t i a l l y  c o n s t a n t  a t  X=+6. 
The d e l t a  f u n c t i o n  i n i t i a l  c o n d i t i o n  i n  ( 7 .1 .3 )  i s  h a r d  t o  
i m p l e m e n t .  We a p p r o x i m a t e d  t h e  d e l t a  f u n c t i o n  by a  g a u s s i a n  w i t h  
a  s t a n d a r d  d e v i a t i o n  ( E )  o f  .20.  I f  t h e  s t a n d a r d  d e v i a t i o n  o f  a  
g a u s s i a n  i s  v e r y  s m a l l ,  t h e n  i t  " s i m u l a t e s "  a  d e l t a  f u n c t i o n .  
The g r i d  s p a c i n g  p u t s  a  c o n s t r a i n t  on t h e  w i d t h  o f  t h e  g a u s s i a n :  
t h e r e  m u s t  be e n o u g h  g r i d  p o i n t s  t o  r e s o l v e  t h e  g a u s s i a n  o r  t h e  
f o r m  o f  t h e  i n i t a l  c o n d i t i o n s  w i l l  be l o s t .  F o r  o u r  u n i f o r m  
g r i d ,  we h a v e  3.8 g r i d  p o i n t s  p e r  c o r r e l a t i o n  l e n g t h  and  t h e  
( s i m u l a t e d )  mesh h a s  a  w i d t h  o f  o f  30 c o r r e l a t i o n  l e n g t h s .  
To s o l v e  ( 7 . 1 . 2 )  we u s e d  an e x p l i c i t  m e t h o d  i n  t i m e .  F o r  
i n c r e a s e d  a c c u r a c y  we u s e d  a  s e c o n d  o r d e r  R u n g e - K u t t a  m e t h o d  
( ( 1 4 ) ,  25 .5 .6 )  i n  t i m e .  T h a t  i s ,  i f  L [ V ]  r e p r e s e n t s  a  d i s c r e t e  
a p p r o x i m a t o n  t o  f ( X ) U y y  - YUX we f o u n d  
and  t h e n  f o r m e d  
T h i s  p r o d u c e s  e r r o r s  o f  o r d e r  ( 6 t 1 3 .  We c h o o s e  6 t  = ( 6 ~ ) ~  
= .0014 .  
Now we d e s c r i b e  w h a t  L [V ]  l o o k s  l i k e .  I n  t h e  c e n t e r  o f  t h e  
g r i d  we u s e d  a  t h i r d  o r d e r  a c c u r a t e  f o r m u l a  f o r  V y y  ( ( 1 4 ) ,  
25.3.24,  a 2 / a y 2 =  (4DhD-h - D2hD-2 . , ) /3  + 0 ( h 4 )  w h e r e  D h V ( Y ) =  
{ V ( Y + h ) - V ( Y - h ) } / 2 h ,  h = 6 Y )  and  a  t h i r d  o r d e r  a c c u r a t e  m e t h o d  f o r  
v x  ( a / a X = ( ~ ~ - 4 ~ ~ ~ ) / 3  + 0 ( h 4 )  , h -6x1 .  
F o r  Y < O  a n d  X < < l ,  t h e  s u b c h a r a c t e r i s t i c s  o f  t h e  e q u a t i o n  a r e  
p o i n t i n g  o u t  o f  t h e  n u m e r i c a l  doma in .  F o r  X=-6, -3<Y<O we u s e d  
c e n t e r e d  d i f f e r e n c i n g  f o r  t h e  V y y  t e r m  ( ( 1 4 ) ~  25.3.23, a 2 / a y 2 =  
2  DhD-h + O ( h  ) ,  h=SY) a n d  u p s t r e a m  d i f f e r e n c i n g  f o r  t h e  V X  t e r m  
( v x =  ( V ( X + h ) - V ( X ) ) / h  + 0 ( h 2 ) ,  h - 6 x 1 .  F o r  X=-6+6X, -3+6Y < Y < 0 
a n d  X=6-BX, -3+6Y < Y < 0  we u s e d  c e n t e r e d  d i f f e r e n c i n g  f o r  b o t h  
t h e  V y y  ( ( 1 4 ) ,  25 .3 .24)  a n d  t h e  V X  ( ( 1 4 ) ,  25.3.21, a /aX= Dh + 
0 ( h 2 )  , h = 6 X )  t e r m s .  
F o r  Y=-3+6Y, X=-6+6x  a n d  Y=-3+6Y, X=6-6X, we u s e d  c e n t e r e d  
f o r m u l a e  f o r  b o t h  V X  and  V y y  ( ( 1 4 ) ,  25.3.21 a n d  25.3.23) .  F o r  
Y=-3+6Y,  -6+6X < X < 6-6X we a g a i n  u s e d  c e n t e r e d  f o r m u l a e  ( ( 1 4 ) ,  
25.3.23 f o r  V y y  and  V X = ( 1 / 3  Dh - 4 / 3  D2h )  V + 0 ( h 4 ) ,  h = 6 ~ ) .  
A b o u n d a r y  c o n d i t i o n  m u s t  a l s o  be i m p o s e d  f o r  I Y I > > l .  
B e c a u s e  o f  t h e  a n a l o g y  o f  ( 17 .1 .2 )  w i t h  t h e  h e a t  e q u a t i o n ,  we 
e x p e c t  t h a t  t h e  d e l t a  f u n c t i o n  i n i t i a l  c o n d i t i o n s  w i  1 1  q u i c k l y  
t a k e  on a  g a u s s i a n  a p p e a r a n c e .  I n  t h e  h e a t  e q u a t i o n  t h e s e  
g a u s s i a n s  w i l l  h a v e  f i n i t e  mass b e y o n d  any  f i x e d  v a l u e  l Y I = Y o ,  
b u t  t h e  t o t a l  mass w i l l  be e x p o n e n t i a l l y  s m a l l  f o r  a  l a r g e  v a l u e  
o f  Y o  ( i f  T i s  o r d e r  o n e ) .  We t o o k  VzO a t  Y=-3 a n d  o n l y  f o u n d  t h e  
s o l u t i o n  f o r  r = 0 ( 1 ) .  To i n t e g r a t e  (7 .1 .2 )  t o  a  l a r g e r  v a l u e  o f  T 
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w o u l d  n e c e s s i t a t e  a  w i d e r  g r i d  i n  t h e  Y d i r e c t i o n .  
F o r  Y > O  we r e f l e c t e d  t h e  v a l u e s  o b t a i n e d  f o r  Y < O .  
I t  w i l l  be n o t i c e d  t h a t  t h e  a p p r o x i m a t i o n s  made t o  V X  a n d  
" Y  Y a r e  o f  d i f f e r e n t  o r d e r s  i n  d i f f e r e n t  r e g i o n s  o f  t h e  n u m e r i c a l  
g r i d .  T h i s  i s  n o t  e f f i c i e n t  p r o g r a m m i n g  ( t h e  o r d e r  o f  t h e  
s o l u t i o n  w i l l  be t h e  w o r s t  o r d e r  u s e d  i n  a p p r o x i m a t i n g  t h e  
d e r i v a t i v e s ) .  T h i s  was done i n  o u r  c a l c u l a t i o n  b e c a u s e  we d i d  
n o t  know a  p r i  o r i  w h a t  a c c u r a c y  r e q u i  r e m e n t s  w o u l d  be r e q u i  r e d .  
We h a d  p l a n n e d  t o  i n c r e a s e  t h e  a c c u r a c y  o f  t h e  i n a c c u r a t e  
a p p r o x i m a t i o n s ,  i f  i t  was needed .  As i t  t u r n e d  o u t  t h e  p r o g r a m  
e x e c u t e d  as w r i t t e n ,  i n  d o u b l e  p r e c i s i o n  on t h e  I B M  4341.  
S i n c e  t h e  s o l u t i o n  o f  (7 .1 .2 )  i s  t h e  i n t e g r a l  o f  a  
p r o b a b i  l i t y  d e n s i t y ,  t h e  s o l u t i o n  V(T,X,Y) m u s t  n e v e r  be 
n e g a t i v e .  L o c a l  r o u n d o f f  e r r o r s  c o u l d  c a u s e  V t o  be n e g a t i v e ,  s o  
we a d o p t e d  t h e  f o l l o w i n g  scheme. L e t  n = ( s t ) '  + ( 6 x 1 ~  + 
( ~ 4 ) ~ .  If, d u r i n g  e x e c u t i o n ,  a  v a l u e  V o c c u r r e d  w i t h  - Q  < V < 0, 
t h e n  t h a t  v a l u e  was s e t  t o  z e r o .  No v a l u e  was e v e r  s m a l l e r  t h a n  
-n d u r i n g  e x e c u t i o n .  
7.2 Checks  o f  t h e  N u m e r i c a l  S o l u t i o n  
The  p r o g r a m  d e s c r i b e d  i n  t h e  l a s t  s e c t i o n  was c h e c k e d  by 
v a r y i n g  t h e  p a r a m e t e r s .  We d i d  t w o  c h e c k s .  
I n  t h e  f i r s t  c h e c k  we r e d u c e d  6 t  f r o m  .0014  t o  .0007 ,  a n d  
k e p t  a l l  t h e  o t h e r  p a r a m e t e r s  as t h e y  we re .  
F o r  t h e  s e c o n d  c h e c k  we u s e d  1 8 0  p o i n t s  i n  t h e  X d i r e c t i o n ,  
w i t h  I X 1 ~ 7 . 5  a n d  u s e d  1 0 0  p o i n t s  i n  t h e  Y d i r e c t i o n ,  w i t h  l Y 1 ~ 4  
( s o  6 X  = .083  a n d  6Y = . 0 4 ) .  We t o o k  6 t  = 1 1 2  ( 6 ~ ) ~ = . 0 0 0 8 5  a n d  
t o o k  ~ = . 1 8 .  I n  t h i s  r u n  t h e r e  w e r e  4.5 g r i d s  p o i n t s  p e r  
c o r r e l a t i o n  l e n g t h  o f  t h e  g a u s s i a n ,  a n d  t h e  g r i d  h a d  a  w i d t h  o f  
44 c o r r e l a t i o n  l e n g t h s .  
I n  e a c h  c a s e  t h e  p r o g r a m  was r u n  f o r  T < 1 .6,  a n d  t h e  
r e s u l t s  a g r e e d  w i t h  t h e  r e s u l t s  o b t a i n e d  i n  t h e  l a s t  s e c t i o n .  
7.3 N u m e r i c a l  R e s u l t s  
F i g u r e s  7.1 t h r o u g h  7.3 c o n t a i n  p i c t u r e s  o f  t h e  v a l u e s  
c o n t a i n e d  by t h e  n u m e r i c a l  g r i d  a t  d i f f e r e n t  i n s t a n t s  o f  t i m e .  
The peak  a r o u n d  t h e  p o i n t  X=O, Y = O  i s  due t o  t h e  s i n g u l a r i t y  o f  
t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  s y s t e m .  The v a l u e  i s  f i n i t e  i n  
o u r  p i c t u r e s  b e c a u s e  o f  t h e  g a u s s i a n  a p p r o x i m a t i o n  u s e d  f o r  t h e  
i n i t i a l  c o n d i t i o n s .  
F r o m  an i n v e s t i g a t i o n  o f  t h e  u n i v e r s a l  f o c u s i n g  c u r v e  
( F i g u r e  1 .1 )  we f i n d  p ( ~ )  < . 0 0 1  f o r  T < .62.  We d e f i n e  T *  =.62 
t o  be t h e  " o n s e t  o f  f o c u s i n g " .  A f t e r  T = T * ,  t h e  p ( ~ )  c u r v e  r i s e s  
s h a r p l y  a n d  f o c u s i n g  becomes s i g n i f i c a n t .  B e f o r e  t h e  o n s e t  o f  
f o c u s i n g ,  when f o c u s i n g  i s  n o t  s i g n i f i c a n t ,  we a n t i c i p a t e  t h a t  
t h e  s h o r t  d i s t a n c e  a p p r o x i m a t i o n s  ( i n  s e c t i o n s  4.5 a n d  4.6)  w i l l  
be a  g o o d  a p p r o x i m a t i o n  t o  R 2 ( r , X ) .  A f t e r  t h e  o n s e t  o f  f o c u s i n g  
we a n t i c i p a t e  t h a t  t h e  s h o r t  d i s t a n c e  a p p r o x i m a t o n  w i l l  n o  l o n g e r  
be a c c u r a t e .  
I n  F i g u r e s  7.4 t h r o u g h  7.8 we h a v e  g r a p h e d  t h e  n u m e r i c a l  
s o l u t i o n  f o r  R 2 ( r , X ) - 1  ( u s i n g  s q u a r e s )  v e r s u s  t h e  s h o r t  t i m e  
a p p r o x i m a t i o n  (3 .5 .17)  mi n u s  one ( u s i n g  c i r c l e s ) .  F i g u r e s  7.4 
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t h r o u g h  7.8 show t h e s e  c u r v e s  f o r  T = .4, .6, .8, 1.2, 1.6. 
T h e s e  p i c t u r e s  show t h a t  t h e  r e g u l a r  p e r t u r b a t i o n  s o l u t i o n  
( i . e . ,  t h e  s o l u t i o n  i n  ( 3 .5 .17 )  o r  ( A . 1 . 3 2 ) )  i s  a  g o o d  
a p p r o x i m a t i  on o n l y  b e f o r e  t h e  o n s e t  o f  f o c u s i n g .  
A f t e r  t h e  o n s e t  o f  f o c u s i n g ,  t h e  R 2 ( r , X ) - 1  c u r v e  r e t a i n s  t h e  
same g e n e r a l  s h a p e ,  b u t  a p p e a r s  t o  f l a t t e n  o u t .  T h i s  means t h a t  
t h e  e n e r g y  d i s t r i b u t i o n  i s  b e c o m i n g  l e s s  w e l l  c o r r e l a t e d  w i t h  
i t s e l f .  
7 .4  L o s s  o f  s i n g u l a r i t y  i n  t h e  n u m e r i c a l  s o l u t i o n  
I n  s e c t i o n  4.7 we f o u n d  t h a t  t h e  t w o  p o i n t  e n e r g y  
c o r r e l a t i o n  s y s t e m  h a d  a  l o g a r i t h m i c  s i n g u l a r i t y  i n  M, a s  M + O .  
We do n o t  o b s e r v e  f r o m  F i g u r e s  7.4 - 7.8 a n y  s u c h  s i n g u l a r i t y .  
T h i s  i s  c o n s i s t e n t  w i t h  o u r  n u m e r i c a l  t e c h n i q u e .  
The e q u a t i o n  we s o l v e d  n u m e r i c a l l y  was 
w h i c h  i s  e x a c t l y  e q u i v a l e n t  t o :  
T h e  d i f f e r e n c e  b e t w e e n  ( 7 . 4 . 2 )  a n d  ( 3 . 5 . 2 )  ( w h i c h  i s  w h a t  we 
w a n t e d  t o  s o l v e ) ,  i s  t h a t  a  g a u s s i a n  was u s e d  i n  t h e  i n i t i a l  
c o n d i t i o n s  f o r  ( 7 . 4 . 2 )  i n s t e a d  o f  a  d e l t a  f u n c t i o n .  We c l a i m e d  
i n  s e c t i o n  7 . 1  t h a t ,  f o r  E s m a l l ,  t h e  g a u s s i a n  w o u l d  " s i m u l a t e "  a  
d e l t a  f u n c t i o n  a n d  s o  R 2 ( t , M )  w o u l d  be a  g o o d  a p p r o x i m a t i o n  t o  
R 2 ( t , M ) .  
H o w e v e r ,  u s i n g  ( 7 . 4 . 2 )  i n s t e a d  o f  ( 3 . 5 . 2 ) ,  r e m o v e s  t h e  
s i n g u l a r i t y  a t  M=O a n d  c r e a t e s  a  s i n g u l a r i t y  i n  E ( f o r  M=O), f o r  
a l l  t i m e .  We now show t h i s .  
F o r  s h o r t  t i m e s  we a p p r o x i m a t e  t h e  s o l u t i o n  o f  ( 7 . 4 . 2 )  by 
r e p l a c i n g  f ( M )  by  f ( a )  ( s e e  s e c t i o n  4 . 7 ) .  We o b t a i n  
I f  we now d e f i n e  q ( t , M , W ; a , ~ )  t o  be t h e  s o l u t i o n  o f  
t h e n  we c a n  w r i t e  U ( f r o m  ( 7 . 4 . 3 ) )  a s :  
So q i s  t h e  G r e e n ' s  f u n c t i o n  f o r  ( 7 .4 .3 ) .  The c h a n g e  o f  
v a r i a b l e s :  
c h a n g e s  (7 .4 .5 )  i n t o  
The s o l u t i o n  t o  (7 .4 .8 )  i s  i n  s e c t i o n  7.2 ( s e e  (7 .2.5)  a n d  
( 4 . 2 . 1 0 ) ) .  The s o l u t i o n  i s :  
Now we u s e  (7 .4 .9 )  t o  f i n d  q f r o m  (7 .4 .7 )  a n d  t h e n  u s e  q i n  
( 7 . 4 . 6 )  t o  f i n d  U. S i n c e  U i s  o n l y  a  g a u s s i a n  i n  W ,  we u s e  U i n  
(7 .4 .4)  t o  f i n d  
F o r  a n y  v a l u e  o f  M ( i n c l u d i n g  M=O), t h e  v a l u e  o f  ( 7 . 4 . 1 0 )  i s  
f i n i t e  f o r  ~ $ 0 .  T h i s  i s  why t h e r e  i s  n o  s i n g u l a r i t y  n e a r  M=O 
o b s e r v e d  i n  F i g u r e s  7.4 t h r o u g h  7.8. 
S i n c e  f ( a )  2 0,  i t  i s  e a s y  t o  b o u n d  R 2 ( t , ~ , & )  ( f o r  ~ $ 0 )  b y :  
w h e r e  f o =  rnzx f ( a )  . 
The s i n g u l a r i t y  i n  ( 7 . 4 . 1 0 )  i s  a  l o g a r i t h m i c  s i n g u l a r i t y  i n  
c ,  when M=O. To show t h i s  we f i x  6 ( 0 < 6 < < 1 )  a n d  w r i t e  ( 7 . 4 . 1 0 )  
a s :  
1 a 2  1 ( 7 . 4 . 1 2 )  
- ' 3 f ( a ) t 3 + E 2 t 2  
The  f i r s t  i n t e g r a l  i n  ( 7 . 4 . 1 2 )  c a n  be b o u n d e d  b y :  
w h e r e  f 6  = max f ( a )  > 0  . We c o n c l u d e  t h e  s i n g u l a r i t y  i n  / a 1 > 6  
( 7 . 4 . 1 2 )  comes f r o m  t h e  r e g i o n  a r o u n d  a=O. 
I n  t h e  s e c o n d  i n t e g r a l  o f  ( 7 . 4 . 1 2 ) ,  we e x p a n d  
4  
f ( a )  = 92  a2 + O ( a  ) ( f r o m  ( 3 . 2 . 9 ) )  f o r :  
3 
- 4g2t  
, e = a / ~ t .  We now u s e  L i H o p i t a l s  r u l e  t o  show w h e r e  C - 
h 3
R ( t , O , & )  v a r i e s  a s  l o g  E a s  C C O :  
~ o ~ t * ~ )  = - ( 3)1'2exp{- 3 lim l o g  r } (7 .4 .15)  
E C O  2g2mt  8 9  2t 
We c o n c l u d e  f r o m  ( 7 . 4 . 1 4 ) ,  (7.4.1 '5) :  
3  3  R ( ~ , o , E )  - - (.-3f'2 e x p i -  l o g  E a s  E S O  (7 .4 .16)  
2 g 2 n t  8 9  2t 
S i n c e  t h e  d o m i n a n t  c o n t r i b u t i o n  t o  6 ( t , 0 , ~ )  comes f r o m  t h e  
r e g i o n  a r o u n d  a=O a s  E S O ,  t h e  e x p r e s s i o n  i n  ( 7 .4 .16 )  i s  v a l i d  f o r  
a l l  t i m e .  T h i s  i s  b e c a u s e  t h e  a p p r o x i m a t i o n  o f  u s i n g  f ( a )  f o r  
f ( M )  i s  v a l i d  f o r  l a r g e  t i m e s ,  i f  a i s  s u f f i c i e n t l y  s m a l l  ( s e e  
s e c t i o n  4 .7 ) .  
C o n c e i v a b l y  we c o u l d  o b s e r v e  t h i s  s i n g u l a r i t y  i n  E by t a k i n g  
E v e r y  s m a l l  i n  s e c t i o n  7.1. B u t ,  as  we m e n t i o n e d  t h e r e ,  t a k i n g  









8.1  S i m u l a t i o n  T e c h i u q u e  
As a  c h e c k  o f  o u r  a n a l y s i s ,  we s i m u l a t e d  t h e  m o t i o n  o f  r a y s  
i n  a r a n d o m  med ium f o r  u=.01. 
We t o o k  a  g r i d  o f  256 x  256 p o i n t s ,  r e p r e s e n t i n g  a  p h y s i c a l  
r e g i o n  o f  s i z e  17.2 x  17.2. We u s e d  t h e  IMSL ( 2 3 )  r o u t i n e  GGUBFS 
( a n d  t h e n  s u b t r a c t e d  l/2) t o  d e t e r m i n e  random numbers  a t  t h e  g r i d  
p o i n t s .  
U s i n g  f a s t  F o u r i e r  T r a n s f o r m s  ( F F T s ) ,  we c o n v o l v e d  t h e  g r i d  
o f  r a n d o m  numbers  w i t h  a  t w o  d i m e n s i o n a l  g a u s s i a n  h a v i n g  a  
c o r r e l a t i o n  l e n g t h  o f  1 / E  T h i s  p r o d u c e d  a  random f i e l d  h a v i n g  
a p p r o x i m a t e l y  a  g a u s s i a n  c o r r e l a t i o n  w i t h  an e x p e c t e d  s t a n d a r d  
d e v i a t i o n  o f  one. A l l  t h e  numbers  w e r e  s c a l e d  by a  c o n s t a n t ,  s o  
t h a t  t h e  c o r r e l a t i o n  a t  t h e  o r i g i n  h a d  a  v a l u e  o f  one.  T h i s  was 
o u r  C f i e l d .  
As we c a l c u l a t e d  , we u s e d  FFTs t o  a l s o  c a l c u l a t e  
The  random f i e l d  h a d  256  p o i n t s  o v e r  a  d i s t a n c e  o f  17.2 
c o r r e l a t i o n  l e n g t h s .  T h i s  means t h e r e  w e r e  a l m o s t  15 p o i n t s  p e r  
c o r r e l a t i o n  l e n g t h ;  hence ,  t h e  random f i e l d  s h o u l d  h a v e  been w e l l  
A 
s a m p l e d .  We c a l c u l a t e d  t h e  c o r r e l a t i o n  o f  C ,  i t  i s  shown i n  
F i g u r e  8.1. I t  l o o k s  v e r y  much l i k e  a  g a u s s i a n .  
We t r a c e d  t h e  p a t h  o f  200  r a y s  i n  t h e  random medium. The 
w a v e f r o n t  was t a k e n  t o  be i n i t i a l l y  p l a n a r .  To f i n d  t h e  r a y  
p o s i t i o n s ,  t h e  r a y t u b e  a r e a s ,  a n d  t h e  p h a s e  ( 9 )  a l o n g  e a c h  r a y  we 
i n t e g r a t e d  e q u a t i o n s  (1 .1 .12) ,  (1 .2 .20)  a n d  (1 .2 .22)  u s i n g  a  
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v a r i a b l e  o r d e r  R u n g e - K u t t a - V e r n e r  i n t e g r a t o r  ( I M S L  ( 2 3 )  r o u t i n e  
DVERK). 
We l i s t  t h e  e q u a t i o n s  we i n t e g r a t e d  (1 .1 .12 ) ,  ( 1 . 2 . 2 0 ) ,  
( 1 .2 .22 ) :  
w h e r e  C= l+aS .  We a l w a y s  have  1 . ~ 1 ~  = p X  2  2  + p y 2  = I / C  ( s e e  
( 1 . 1 . 1 7 ) )  s o  we t o o k  as i n i t i a l  c o n d i t i o n s  f o r  ( 8 . 1 . 1 ) :  
B e c a u s e  t h e  p o s i t i o n  o f  a  r a y  was n e v e r  e x a c t l y  a t  a ' g r i d  
p o i n t ,  we i n t e r p o l a t e d  C,  C X ,  C y ,  C X X ,  C X y ,  Cyy f r o m  t h e  f o u r  
p o i n t s  c l o s e s t  t o  t h e  r a y  p o s i t i o n  ( u s i n g  ( 1 4 ) ,  25.2.66).  
S i n c e  we t o o k :  
we h a v e  ( s e e  ( 7 . 1 . 7 ) ,  ( 7 . 1 . 8 ) )  
y 2  = 2.82 
To s c a l e  t h e  r e g i o n  o f  t h e  g r i d  t o  be on u n i v e r s a l  t i m e ,  we 
m u l t i p l y  t h e  l e n g t h  o f  t h e  g r i d  by ( 0 ~ ~ ) ~ ~ ~ .  W i t h  = 0 . 1 ,  
( 0 ~ ~ ) ~ ' ~  = 0 .93 and  t h e  g r i d  has  a  u n i v e r s a l  l e n g t h  o f  
Sma x  ( O Y , ) ~ / ~  = ( 1 7 . 2 )  ( 0 . 9 3 )  = 1.6. 
F rom t h e  r a y  p o s i t i o n s ,  t h e  v a l u e s  o f  +, a n d  t h e  a r e a s  o f  
t h e  r a y t u b e s ,  we c a l c u l a t e d  t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  
f u n c t i o n ,  t o  c o m p a r e  w i t h  t h e  s o l u t i o n  o f  ( 4 . 4 . 2 0 ) ,  a n d  t h e  s h o r t  
d i s t a n c e  a p p r o x i m a t i o n  c a l c u l a t e d  i n  s e c t i o n  4.5. 
To c a l c u l a t e  t h e  c o r r e l a t i o n ,  we d i v i d e d  t h e  n u m e r i c a l  
r e g i o n  w i d t h  w i s e  i n t o  200  e q u a l l y  s p a c e d  p o i n t s .  We d i s c a r d e d  
t h e  20 p o i n t s  c l o s e s t  t o  t h e  t o p  a n d  b o t t o m  o f  t h e  box  t o  r e m o v e  
" e n d  e f f e c t s . "  Then  we c h o o s e  6  d i f f e r e n t  v a l u e s  o f  u n i v e r s a l  
t i m e  ( .4 ,  .6,  .., 1 . 4 ) .  
A t  e a c h  o f  t h e s e  u n i v e r s a l  t i m e s ,  we c o n s t r u c t e d  t h e  
w a v e f r o n t  u s i n g  t h e  4 v a l u e s .  We t h e n  i n v e s t i g a t e d  e a c h  o f  t h e  
1 6 0  e q u a l l y  s p a c e d  p o i n t s ,  a l o n g  t h e  c a l c u l a t e d  w a v e f r o n t .  F o r  
e a c h  p o i n t  we f o u n d  t h o s e  p a i r s  o f  r a y s  t h a t  s u r r o u n d e d  t h e  
p o i n t .  F rom e a c h  p a i r  we i n t e r p o l a t e d  t h e  r a y t u b e  a r e a  a t  t h e  
p o i n t .  We a p p r o x i m a t e d  t h e  e n e r g y  a t  a  p o i n t  t o  be t h e  sum o f  
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t h e  r e c i p r i c a l s  o f  t h e  a r e a s  a t  t h a t  p o i n t .  K n o w i n g  t h e  e n e r g y  
a t  t h e  1 6 0  p o i n t s  we c a l c u l a t e d  t h e  a v e r a g e  e n e r g y  a n d  t h e  t w o  
p o i n t  c o r r e l a t i o n .  
T h i s  d e s c r i b e s  t h e  s t e p s  t h a t  o c c u r r e d  t o  o b t a i n  one  s a m p l e  
o f  R 2 ( t , M ) .  We r e p e a t e d  t h i s  c a l c u l a t i o n  15 t i m e s ,  e a c h  
i d e n t i c a l  e x c e p t  f o r  t h e  s e e d  f o r  t h e  r a n d o m  number  g e n e r a t o r .  
We t h e n  a v e r a g e d  t h e  15  c u r v e s  t o  o b t a i n  o u r  f i n a l  e s t i m a t e  o f  
R * ( t , M ) .  
8 .2 A g r e e m e n t  o f  S i m u l a t i o n s  W i t h  A s s u m p t i o n s  
A t y p i c a l  p i c t u r e  o f  t h e  r a y s  i s  shown i n  F i g u r e  8.2. A 
s e r i e s  o f  w a v e f r o n t s  i s  shown i n  F i g u r e  8.3. F o r  t h e  m o s t  p a r t  
t h e  r a y s  a r e  s t r a i g h t  and  t h e  w a v e f r o n t s  a r e  p l a n a r  a n d  p a r a l l e l .  
T h i s  i s  w h a t  we h a d  assumed i n  t h e  s c a l i n g  i n  c h a p t e r  one.  
R e c a l l  ( 1 . 4 . 9 ) ,  ( 1 . 4 . 8 ) ,  (1 .4 .16)  w h i c h  t o g e t h e r  g i v e :  
F rom (2.3 .9)  we know X: = O ( 1 ) .  The h o r i z o n t a l  l o c a t i o n  o f  
t h e  w a v e f r o n t s ,  g i v e n  by - X ( s ) - i ,  - t h e n  s a t i s f i e s  
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F r o m  ( 8 . 2 . 2 )  t h e  w a v e f r o n t s  a r e  f l a t  t o  l e a d i n g  o r d e r .  F rom 
( 8 . 2 . 1 )  we a l s o  f i n d  t h a t  t h e  t o t a l  a n g l e  t h a t  a  r a y  s u b t e n d s  i s  
g i v e n  by 
F rom ( 8 . 2 . 3 )  t h e  t o t a l  a n g u l a r  d e v i a t i o n  i s  s m a l l  ( o f  o r d e r  
u 2 / 3 1 .  
The w a v e f r o n t  a l s o  f o r m s  l o o p s  a t  t h e  o c c u r r e n c e  o f  a  f o c u s ,  
a s  p r e d i c t e d  i n  ( 6 ) .  F i g u r e  8.4 i s  a  b l o w n  up  p o r t i o n  o f  t h e  
waves  a n d  w a v e f r o n t s  shown i n  F i g u r e s  8.2 a n d  8.3. I n  F i g u r e  
8 .4 ,  i s  a  v e r y  n a r r o w  l o o p  o f  t h e  t y p e  p r e d i c t e d .  
I n  ( 3 . 3 . 9 )  we s t a t e d  t h a t  E' [ E ( t , u ) ]  = 1, o r  t h a t  e n e r g y  
0 
i s  c o n s e r v e d .  F o r  e a c h  o f  t h e  15 t r i a l s  we r a n ,  we c o m p u t e d  t h e  
e x p e c t e d  v a l u e  o f  e n e r g y  a l o n g  e v e r y  w a v e f r o n t  ( T  = - 4 ,  .6 ,  ..., 
1 . 4 ) .  I n  T a b l e  8.1, we s u m m a r i z e  t h e s e  n u m b e r s ,  t h e y  a r e  a l l  
v e r y  c l o s e  t o  one. 
A g r e e m e n t  o f  S i m u l a t i o n s  W i t h  N u m e r i c a l  S o l u t i o n  
I n  F i g u r e s  8.5 t h r o u g h  8.10 a r e  g r a p h s  o f  t h e  s i m u l a t e d  
c o v a r i a n c e  f u n c t i o n  ( w i t h  a l l  15  s a m p l e s  a v e r a g e d ) ,  t h e  n u m e r i c a l  
s o l u t i o n  f r o m  c h a p t e r  7  ( R 2 ( ? , a ) - l ) ,  a n d  t h e  s h o r t  d i s t a n c e  
a p p r o x i m a t i o n  (A.  1 . 3 2 ) .  
F o r  u n i v e r s a l  t i m e s  o f  .8, 1.0, 1.2, 1.4 t h e r e  i s  v e r y  good  
a g r e e m e n t  b e t w e e n  t h e  s i m u l a t i o n  r e s u l t s  and  t h e  n u m e r i c a l  
s o l u t i o n  o f  e q u a t i o n  (4 .4 .20) .  B e c a u s e  t h e  s h o r t  t i m e  s o l u t i o n  
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i s  o n l y  c o r r e c t  up  t o  t h e  o n s e t  o f  f o c u s i n g  ( T  < 6 .2)  t h e  
s i m u l a t i o n s  do n o t  a g r e e  w i t h  t h e  s h o r t  t i m e  s o l u t i o n  i n  t h i s  
r a n g e .  
The a g r e e m e n t  a t  u n i v e r s a l  t i m e s  o f  .4 a n d  . 6  i s  n o t  v e r y  
good .  T h i s  i s  b e c a u s e  t h e  t w o  p o i n t  c o r r e l a t i o n  s y s t e m  ( 3 . 4 . 2 0 )  
a n d  t h e  r e g u l a r  p e r t u r b a t i o n  r e s u l t  b o t h  r e q u i r e d  t h e  r a y s  t o  go 
t h r o u g h  many c o r r e l a t i o n  l e n g t h s  ( s e e  t h e  comment a f t e r  
.4  ( A . 3 . ) ) .  F o r  T = .4, a  r a y  has  o n l y  gone  
2 1 3  = 4.4 u n i t s  ( Y ~ T  
i n  p h y s i c a l  s p a c e ;  o r  4.4 c o r r e l a t i o n  l e n g t h s .  T h i s  i s  n o t  a  
l o n g  e n o u g h  d i s t a n c e  f o r  a  " c e n t r a l  l i m i t  t h e o r e m "  t o  be v a l i d .  
I n  p a r t i c u l a r ,  (A .2 .15 )  i s  n o t  a  good  a p p r o x i m a t i o n  when P,Q a r e  
n o t  l a r g e .  
F rom F i g u r e s  8.5 t h r o u g h  8.10 we s e e  t h a t  t h e  s i m u l a t e d  
R 2 ( t , M ) - 1  h a s  a  l a r g e  v a l u e  n e a r  M=O. T h i s  i s  t h e  l o g a r i t h m i c  
s i n g u l a r i t y  we f o u n d  i n  S e c t i o n  3.7. 
We c o n c l u d e  t h a t  t h e  s y s t e m  i n  ( 3 .4 .20 )  a c c u r a t e l y  p r e d i c t s  
t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  f u n c t i o n .  
8.4 S p a c i n g  o f  C a u s t i c  B u n d l e s  
F r o m  F i g u r e  8.2, t h e  " c a u s t i c  b u n d l e s "  ( r e g i o n s  s u r r o u n d i n g  
e a c h  f o c u s )  a p p e a r  t o  be q u i t e  r e g u l a r l y  s p a c e d .  T h i s  was t o  
h a v e  been  e x p e c t e d .  
The s h o r t  t i m e  s o l u t i o n  o f  ( 4 . 4 .20 )  s a y s  t h a t  R 2 ( t , M ) - 1  i s  
p r o p o r t i o n a l  t o  t h e  f o u r t h  d e r i v a t i v e  o f  1 R(M,Y) dY. If R h a s  a  
g a u s s i a n  f o r m  t h e n  R 2 ( t , M ) - 1  i s  p r o p o r t i o n a l  t o  t h e  f o u r t h  
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d e r i v a t i v e  o f  a  g a u s s i a n .  
The f o u r t h  d e r i v a t i v e  o f  a  g a u s s i a n  ( w i t h  u n i t  s t a n d a r d  
d e v i a t i o n ) ,  h a s  a  l a r g e  n e g a t i v e  d i p  a t  x = 1.4. T h i s  means t h a t  
t h e r e  i s  a  " r e g u l a r "  s p a c i n g  o f  a l t e r n a t e l y  h i g h  a n d  l o w  
e n e r g i e s ,  w i t h  a  s p a c i n g  o f  a b o u t  1.4. 
W i t h i n  t h e  c a u s t i c  b u n d l e s  t h e  r a y s  a r e  c l o s e  t o g e t h e r ,  t h e  
a r e a s  a r e  s m a l l ,  and  t h e  e n e r g i e s  a r e  l a r g e .  B e t w e e n  t h e  c a u s t i c  
b u n d l e s  t h e  e n e r g i e s  a r e  l o w  b e c a u s e  t h e  r a y s  a r e  f u r t h e r  
a p a r t .  Hence ,  f o r  t h e  c o r r e l a t i o n  f u n c t i o n  t o  h a v e  a  d i p  a t  
X=1.4, we a n t i c i p a t e  t h e  d i s t a n c e  b e t w e e n  c a u s t i c  b u n d l e s  t o  be 
a b o u t  2.8. T h i s  i s  a p p r o x i m a t e l y  t h e  a v e r a g e  d i s t a n c e  we f i n d  
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T a b l e  8.1 
Average v a l u e  o f  $(-r,a) 
T 
- Average v a l u e  
A . l  Two P o i n t  E n e r g y  C o r r e l a t i o n  F u n c t i o n :  P l a n e  I n i t i a l  
W a v e f r o n t  
I n  t h i s  s e c t i o n  we w i l l  u s e  r e g l a r  p e r t u r b a t i o n  t e c h n i q u e s  
t o  f i n d  t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  f u n c t i o n .  The  
d e v e l o p m e n t  h e r e  i s  m o d e l e d  a f t e r  T a t a r s k i  ( 5 ) .  
We s t a r t  w i t h  t h e  wave e q u a t i o n  ( s e e  ( 1 . 1 . 1 ) ) :  
a n d  l o o k  f o r  a  s o l u t i o n  o f  t h e  f o r m  
w h e r e :  
K > > 1  
We c h o o s e  a  p l a n e  wave e n t e r i n g  t h e  med ium a t  X = O .  
T h e r e f o r e ,  t h e  i n i t i a l  c o n d i t i o n s  f o r  Y a n d  $ a r e :  
U s i n g  (A .1 .2 ) ,  (A .1 .3 )  i n  ( A . l . l )  a n d  e q u a t i n g  t h e  
c o e f f i c i e n t s  o f  p o w e r s  o f  K y i e l d s :  
m = 0 , 1 , 2 , .  . . ( A .  1 . 6 )  
w h e r e  - l=O. We now assume :  
.. 
w h e r e  C i s  mean z e r o ,  homogeneous  a n d  i s o t r o p i c .  We a l s o  e x p a n d  
+, am i n  a  r e g u l a r  p e r t u r b a t i o n  s e r i e s  i n  a :  
U s i n g  ( A . 1 . 7 ) ,  ( A . 1 . 8 )  i n  ( A . 1 . 5 )  p r o d u c e s  
U s i n g  ( A . 1 . 8 )  i n  ( A . 1 . 6 )  f o r  m=O p r o d u c e s  
O ( 1 ) :  0 0 2  V $ o * V @ O  + m 0  A + o  = 0 ( A *  1 - 1 0 )  
O ( 0 ) :  0 1 2  ( V + ~ * V ~ :  + v+l.vmo ) + ( m i  A + ~  + m O  A + ~ )  = o 
U s i n g  ( A . 1 . 3 ) ,  ( A . 1 . 8 )  i n  ( A . 1 . 4 )  g i v e s  t h e  i n i t i a l  
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c o n d i t i o n s  f o r  4, a n d  m i :  
a t  X = O :  $m = o m > ~  
F rom ( A . 1 . 9 ) ,  ( A . 1 . 1 0 ) ,  ( A . l . l l )  i t  i s  e a s y  t o  f i n d  t h e  
s o l u t i o n s :  
m; = 1 ( A .  1 . 1 2 )  
w h e r e  
The s o l u t i o n  $ 0  = X s a y s  t h e  wave i s  p r o p a g a t i n g  a l o n g  t h e  X 
a x i s  t o  f i r s t  o r d e r .  
Now we w r i t e  ( A . 1 . 2 )  a s ,  u s i n g  ( A . 1 . 3 ) ,  ( A . 1 . 8 )  
S i n c e  Q i s  t h e  a m p l i t u d e  o f  t h e  wave,  10'1 i s  t h e  l o c a l  
e n e r g y  o f  t h e  wave. F rom (A .1 .4 )  
2  19 1 = a 0  * + 2  u  a: @; + 0 ( u 2 , 1 / ~ )  ( A .  1 . 1 5 )  
S u p p r e s s i n g  t h e  0 ( 0 2 , 1 / ~ )  t e r m s  a n d  u s i n g  (A. 1 . 1 2 ) ,  e x p r e s s i o n  
( A .  1 . 1 5 )  becomes 
We a r e  i n t e r e s t e d  i n  t h e  c o r r e l a t i o n  o f  e n e r g y .  S i n c e  h a s  
2  mean z e r o ,  I Q  I has  mean one t o  f i r s t  o r d e r .  We d e f i n e  
I Q ' I = ~ + A ( x , Y , z )  t o  f i n d :  
A ( x s Y , z )  = -  u{,f dn  ,f d <  A 2  C(< ,Y ,Z)  + [C(X,Y,Z) - C ( 0 , 0 , 0 ) ] }  
0 0 ( A .  1 . 1 7 )  
A 
S i n c e  E[C] = 0  we have ,  t o  f i r s t  o r d e r ,  
c o r r e l a t i o n  o f  e n e r g y  = 1 + c o r r e l a t i o n  o f  A ( A .  1 . 1 8 )  
Now we w i l l  u s e  (A .1 .17)  t o  f i n d  t h e  c o r r e l a t i o n  o f  A. Then 
we u s e  (A .1 .18)  f o r  t h e  c o r r e l a t i o n  o f  e n e r g y .  F i r s t  we n e g l e c t  
t h e  t e r m s  i n  ( A . 1 . 1 7 ) ,  i n  c o m p a r i s o n  w i t h  t h e  1 1 ~ ~ e  t e r m  t o  
f i nd 
We d e f i n e  t h e  c o r r e l a t i o n  o f  by ( s e e  ( 2 . 3 . 1 6 ) ) :  
a n d  we d e f i n e  t h e  t r a n s v e r s e  c o r r e l a t i o n  o f  A ,  a t  a  d i s t a n c e  X 
i n t o  t h e  medium, by :  
Now we u s e  (A .1 .19) ,  (A.1.20)  i n  (A .1 .21)  t o  f i n d  
Now we assume X > > 1  a n d  a p p r o x i m a t e  ( ~ . 1 . 2 2 ) .  S i n c e  R i s  a  
c o r r e l a t i o n  f u n c t i o n  f o r  a  m i x i n g  p r o c e s s ,  we a n t i c i p a t e  t h a t  
R(X,Y,Z) w i l l  ' q u i c k l y '  go t o  z e r o  as X ~ + Y ~ + Z ~ + O .  If X > > 1 ,  t h e n  
17 a n d  17' w i l l  g e n e r a l l y  be l a r g e  i n  (A.1.22).  We a p p r o x i m a t e  
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( A .  1 . 2 2 )  by  
X X Y Y 
R2(X ,Y ,Z)  = u2 I d n  I d o '  I d c  I d q '  R ( F - c l , Y , Z )  
0 0 0 0 ( A .  1 . 2 3 )  
w h e r e  y = m i n ( n , n t ) .  Now R(X,Y,Z) i s  an e v e n  f u n c t i o n  w i t h  r e s p e c t  
t o  a l l  o f  i t s  a r g u m e n t s  s i n c e  c i s  homogeneous  a n d  i s o t r o p i c .  
We n o t e  t h e  f o r m u l a  
v a l i d  f o r  a l l  e v e n  f u n c t i o n s  H. 
U s i n g  (A .1 .24 )  i n  (A .1 .23)  y i e l d s  
I f  X > > 1  t h e n  n , n '  w i l l  g e n e r a l l y  be " l a r g e "  i n  (A .1 .25 ) .  
Hence ,  y = m i n ( n , n t )  w i l l  g e n e r a l l y  be " l a r g e . "  T h e r e f o r e ,  we 
a p p r o x i m a t e  ( y - u )  by  y. When p i s  " l a r g e " ,  s o  ( y - p )  i s  n o t  w e l l  
a p p r o x i m a t e d  by  y ,  t h e n  R(p,Y,Z)  w i l l  be " s m a l l "  (if R(X,Y,Z) 
goes  t o  z e r o  ' ' q u i c k l y "  as  x 2 t y 2 t z 2 + - ) .  
T h i s  g i v e s  
R ~ ( x , Y , z )  = 2u2  A; I d n  d n '  y 1 d u  R ( U , Y , Z )  (A. 1 . 2 6 )  
0 0 0 
Now we i n c r e a s e  t h e  u p p e r  l i m i t  o f  t h e  11 i n t e g r a l  f r o m  y t o  
- t o  f i n d :  
3 (A. 1 . 2 7 )  
w h e r e  we h a v e  u s e d  ( 6 . 1 . 1 2 )  
I f  we s c a l e  X t o  be o u r  l o n g  d i s t a n c e  s c a l e  ( s e e  ( 1 . 4 . 8 ) )  we 
h a v e  
U s i n g  (A .1 .29 )  i n  ( A . 1 . 2 8 )  g i v e s  
2  3 a G(Y,Z)  R 2 ( t , Y , Z )  = - 7 t ( 2  + T )  (A. 1 . 3 0 )  a Y a z  
When ( A . 1 . 3 0 )  i s  u s e d  w i t h  (A .1 .18 )  we h a v e  t h e  same a n s w e r  
we f o u n d  i n  ( 6 . 4 . 1 2 )  
I n  t w o  d i m e n s i o n s ,  ( A .  1 . 2 7 )  becomes ( s e e  ( 2 . 3 . 2 1 ) )  
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U s i n g  (A .1 .29)  i n  ( A . 1 . 3 1 ) :  
( A .  1 . 3 2 )  
E q u a t i o n  (A .1 .32 ) ,  w i t h  (A .1 .18 ) ,  i s  t h e  same a n s w e r  we 
o b t a i n e d  i n  ( 4 .5 .17 ) .  N o t e  t h a t  t h e r e  i s  n o  s i n g u l a r i t y  i n  
(A .1 .32 )  as Y + O ,  as  we f o u n d  i n  t h e  s o l u t i o n  o f  ( 4 .4 .20 )  ( s e e  
s e c t  i on 4 .7 ) .  
A.2 Two P a r t  E n e r ~ v  C o r r e l a t i o n  F u n c t i o n  i n  Two M e d i a  
I n  t h i s  s e c t i o n ,  we u s e  r e g u l a r  p e r t u r b a t i o n  m e t h o d s  t o  f i n d  
t h e  t w o  p o i n t  e n e r g y  c o r r e l a t i o n  f u n c t i o n ,  a f t e r  r a y s  h a v e  gone 
t h r o u g h  t w o  m e d i a .  We r e q u i r e  t h e  i n i t i a l  w a v e f r o n t  t o  be p l a n e  
a n d  t h e  i n t e r f a c e  b e t w e e n  t h e  t w o  m e d i a  t o  be p a r a l l e l  t o  t h e  
i n i t i a l  w a v e f r o n t .  
1 The f i r s t  med ium e x t e n d s  f r o m  X = 0  t o  X = - - 2  / 3  X1 a n d  
A n U 
has  a  wave v e l o c i t y  o f  C ( X )  - = l + u ~ ( X )  - ( w h e r e  C i s  mean z e r o ,  
homogeneous  a n d  i s o t r o p i c ) .  The s e c o n d  medium e x t e n d s  f r o m  X = 
t 2 -  t 1  I n  t h e  s e c o n d  med ium t h e  wave s p e e d  i s  X 1  t o  X = 2 / 3  . 
u 
i d e n t i c a l l y  one.  
What we h a v e  d e s c r i b e d  i s  t h e  s h a d o w g r a p h  p r o b l e m  ( s e e  
s e c t i o n  5.4) .  We w i l l  o b t a i n  t h e  same a n s w e r  h e r e ,  u s i n g  r e g u l a r  
p e r t u r b a t i o n  t e c h i q u e s ,  as we o b t a i n e d  u s i n g  P a p a n i c o l a o u  a n d  
K o h l e r  t h e o r e m  ( s e e  ( 5 . 5 . 7 ) ) .  
T o  s o l v e  t h e  s h a d o w g r a p h  p r o b l e m  we l o o k  f o r  a  g e o m e t r i c a l  
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o p t i c s  s o l u t i o n  i n  e a c h  o f  t h e  t w o  m e d i a .  I n  t h e  f i r s t  m e d i a  we 
l o o k  f o r  a  s o l u t i o n  o f  t h e  wave e q u a t i o n .  
i n  t h e  f o r m  
F rom (A .1 .12 ) ,  (A .1 .14)  we h a v e  
X n  
0  1 .. 
m 0  = 1, 4~; - 7 !oh I d c  A 2  C (< ,Y ,Z )  (A. 2 . 3 )  
0  
+ ; [ C ( X , Y , Z )  - ~ ( x , o , o ) ]  
I n  t h e  s e c o n d  med ium we l o o k  f o r  a  s o l u t i o n  o f  t h e  wave  
e q u a t i o n  
2  
Q T T  = C ( 5 )  A Q  = A Q  ( A .  2 .4 )  
i n  t h e  f o r m  
( A .  2.5) 
S u b s t i t u t i n g  (A.2.5)  i n  (A.2.4) we f i n d  ( a n a l o g o u s  t o  
(A.  2 . 6 )  
1 2  ( v o 0  v r o  + vol -PI-:) t ( r o  0  do1  + ro  1 A O ~ )  = 0  (A. 2 .7 )  
0  1 T h e  i n i t i a l  c o n d i t i o n s  f o r  00, 01, rO, rO come f r o m  t h e  
b o u n d a r y ,  a t  X = XI. If we r e q u i r e ,  c o n t i n u i t y  o f  Q 
a Q  a n d  a c r o s s  t h e  b o u n d a r y  t h e n ,  f r o m  (A .2 .4 ) ,  ( A .  2 . 5 )  
1 (A. 2 . 8 )  
U s i n g  (A .2 .3 ) ,  (A .2 .8 )  we c a n  s o l v e  (A.2 .6)  f o r  
( A .  2.9) 
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U s i n g  (A .2 .9 ) ,  e q u a t i o n  (A.2.7)  becomes:  
(A. 2 .10)  
The s o l u t i o n  o f  (A.2.10)  w i t h  ( A . 2 . 3 ) ,  (A.2.8)  i s  
F rom (A .2 .5 ) ,  (A .2 .9 ) ,  (A .2 .11)  we have  E [ l Q 2 1 ]  = 1 t o  
f i r s t  o r d e r .  We d e f i n e  1 Q 2 1  = 1 + A(X,Y,Z) so  t h a t  
A ( X , Y , Z )  = 2 o r i  + o ( 0 2 , 1 / ~ )  ( A .  2 .12)  
a n d  (A .1 .18)  f o l l o w s .  
Now we u s e  (A .2 .11)  i n  (A.2.12)  a n d  n e g l e c t  t h e  0 ( 0 2 , 1 / K )  
A n 
t e r m s  a n d  t h e  C t e r m s  i n  c o m p a r i s o n  w i t h  / A 2 C  f o r :  
1 X1 
A(x ,Y ,z )  = o  [ ( x - x l )  ! d <  + , fdn 1 d < ]  A 2  C ( S , Y , Z )  ( A .  2.13)  
Now t h e  p r o c e d u r e  we f o l l o w  i s  i d e n t i c a l  t o  w h a t  we d i d  i n  
s e c t i o n  A.1.  We assume t h e  d e f i n i t i o n s  o f  R a n d  R 2  g i v e n  i n  
(A.1,20), (A. 1.21) t o  f i n d  ( f r o m  (A .2 .13 ) ) :  
X1 1 rl ' 
+ 1 do  1 d i  d n '  1 d c '  ] R ( c - < ' , Y , Z )  (A.  2 .14 )  
We assume X ,  X 1  > >  1 a n d  a p p r o x i m a t e  t h e  i n t e g r a l s  i n  
( A . 2 . 1 4 )  t h e  same way we a p p r o x i m a t e d  (A .1 .22) .  The  
a p p r o x i m a t i o n s  u s e d  i n  g o i n g  f r o m  (A .1 .23)  t o  (A .1 .27)  c a n  be 
s u m m a r i z e d  by 
P  Q 
OD 
1 d i  1 d q 1  R ( 5 - 5 ' , Y 9 Z )  = 2  m i n ( P , Q )  1 d ~  R (P ,Y ,Z )  (A. 2 .15 )  
0 0 0 
when P, Q a r e  " l a r g e . "  U s i n g  (A .2 .15 )  i n  (A .2 .14)  we o b t a i n  o u r  
a p p r o x i m a t i o n  t o  R 2 :  
00 
2  
+ x13 ] 1 d u  R ( U , Y , Z )  ( A .  2.16) 
0 
Now we s c a l e  X ,  X1  t o  be on o u r  l o n g  d i s t a n c e  s c a l e .  We 
d e f i n e :  
(A. 2 .17 )  
F rom (A.2.17)  t h e  r a y s  t r a v e l  a  s c a l e d  d i s t a n c e  tl i n  t h e  
f i r s t  med ium a n d  t h e n  a  s c a l e d  d i s t a n c e  t 2  i n  t h e  s e c o n d  
med ium.  U s i n g  (A .2 .17)  i n  (A .2 .16 ) :  
0 (A. 2 .18)  
I n  t h r e e  d i m e n s i o n s  (A .2 .18)  becomes 
(A. 2 .19 )  
I n  t w o  d i m e n s i o n s  (A.2.18)  becomes 
2  2  R2(t l , t2,Y) = - J ( t 1 3 +  3  t12t2 + 3  tlt2 ) g m ( Y )  (A. 2 .20)  
E q u a t i o n  (A.2.20)  ( w i t h  ( A . 1 . 1 8 ) )  i s  t h e  same a n s w e r  we 
o b t a i n e d  i n  s e c t i o n  5.5 ( s e e  5.5.7).  
A.3 R e s t r i c t i o n  on t h e  R e g u l a r  P e r t u r b a t i o n  M e t h o d  
As we h a v e  seen  i n  s e c t i o n  7.3, t h e  s h o r t  t i m e  a p p r o x i m a t i o n  
i s  n o t  v a l i d  f o r  T > T*. T h i s  e n a b l e s  u s  t o  r e s t r i c t  t h e  r e g i m e  
f o r  u f o r  w h i c h  t h e  r e g u l a r  p e r t u r b a t i o n  m e t h o d  i s  v a l i d .  
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To h a v e  T < T *  r e q u i r e s  ( s e e  ( 7 . 1 . l . a ) ,  ( 1 . 4 . 8 ) ) :  
(A. 3 .1 )  
Now t h e  r e g u l a r  p e r t u r b a t i o n  s o l u t i o n  ( p r e s e n t e d  i n  s e c t i o n  
A . l )  r e q u i r e s  a  r a y  t o  go a  l o n g  d i s t a n c e  f o r  (A.2.15)  t o  be 
A 
v a l i d .  Suppose  we h a v e  a  random v e l o c i t y  f i e l d  C whose 
c o r r e l a t i o n  f u n c t i o n  has  a  s t a n d a r d  d e v i a t i o n  o f  1. F o r  a  
" c e n t r a l  l i m i t  t h e o r e m "  t o  a p p l y ,  t h e  d i s t a n c e  t r a v e l l e d ,  s, m u s t  
be much l a r g e r  t h a n  1. 
I f  we s u p p o s e  t h a t  5  c o r r e l a t i o n  l e n g t h s  i s  s u f f i c i e n t ,  t h e n  
we n e e d :  
We c a n  c o m b i n e  (A.3.1) a n d  (A.3.2.) f o r :  
( A .  3 . 2 )  
(A. 3 .3 )  
(A. 3 .4 )  
We c o n c l u d e  t h a t  t h e  r e g u l a r  p e r t u r b a t i o n  s o l u t i o n  w i l l  n o t  
be v a l i d  u n l e s s  a s a t i s f i e s  (A.3.4). F o r  t h e  t y p i c a l  numbers  
( s e e  (7 .1.7) ,  ( 7 . 1 . 8 ) ) :  1.1, ~ ~ ~ 2 . 7 ,  we r e q u i r e  a < 0.1. 
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